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Abstract. Let so < be the abscissa of absolute convergence of the dynamical zeta function 
Z{s) for several disjoint strictly convex compact obstacles Ki C R^, i = 1, . . . , ko, ko > 3, and let 
Rx{z) = x(-Ai5 - z^)~^x, X £ C'o°(K^), be the cut-off resolvent of the Dirichlet Laplacian -Ad 
in f2 = \ Vj'^^-^^Ki. We prove that there exists cri < so such that the cut-off resolvent Rx{z) has 
an analytic continuation for Im(z) < — cti, |Re(z)| > Ji > 0. 

1. Introduction 

Let be a subset of [N > 2) of the form K = KiU K2U . . . U K^^ ,where Ki are compact 
strictly convex disjoint domains in with boundaries Fj = dKi and kq > 3. Set Q = \ K 
and r = dK. We assume that K satisfies the following (no-eclipse) condition: 



(H) 



(for every pair Ki, Kj of different connected components of K the convex hull of 
Ki U Kj has no common points with any other connected component of K. 

With this condition, the billiard flow (pt defined on the cosphere bundle S*{n) in the standard way 
is called an open billiard flow. It has singularities, however its restriction to the non-wandering set 
A has only simple discontinuities at reflection points. Moreover, A is compact, (pt is hyperbolic and 
transitive on A, and it follows from |Stlj that 4>t is non-lattice and therefore by a result of Bowen 
[Bol] . it is topologically weak-mixing on A. 

Given a periodic reflecting ray 7 C with reflections, denote by d-y the period (return time) 
of 7, by Ty the primitive period (length) of 7 and by the linear Poincare map associated to 7. 
Denote by 11 the set of all periodic rays in Q, and let Aj^^, z = l,...,A^ — 1, be the eigenvalues of 
with |Ai,^| > 1 (see [PSi] ). 

Let V be the set of primitive periodic rays. Set 

'^7 = log(^i,7 • • • -^A'-i,7)' 7^7^, 



if m-y is even, 

1 if is odd , 



and consider the dynamical zeta function 



^■m{—sT-,+S-,) 



m 
1 7eP 



It is easy to show that there exists sq G K such that for Re(,s) > sq the series Z(s) is absolutely 
convergent and sq is minimal with this property. The number sq is called abscissa of absolute 
convergence. On the other hand, using symbolic dynamics and the results of |PP) . it follows that 
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Z{s) is meromorphic for Re(s) > sq — a, a > (see [M]) and Z{s) is analytic for for Re(s) > sq. 
According to some recent results ( |St2j for = 2, [St4| for iV > 3 under some additional conditions) 
there exists < e < a so that the dynamical zeta function Z{s) admits an analytic continuation 
for Re(s) > Sq — e. 

The cut-off resolvent defined by 

for Im(z) < 0, where x £ C^(M^), x = 1 on AT, and is the Dirichlet Laplacian in il, has a 
meromorphic continuation in C for N odd with poles Zj such that lm{zj) > and in C \ {zM^} for 
N even. The analytic properties and the estimates of Rxiz) play a crucial role in many problems 
related to the local energy decay, distribution of the resonances etc. In the physical literature and 
in many works concerning numerical calculation of resonances (see [CE] , [Wj , [L] , [LZj , |LSZ] ) the 
following conjecture is often made. 

Conjecture: The poles fij (with Re{fij) < 0) of Z{s) and the poles Zj of Rx{z) are related by 
izj = Hj. 

At least one would expect that the poles zj of Rxi^) lis in sufficiently small neighborhoods of 
— i/ij. Presumably for this reason the numbers — i^j are called pseudo-poles of R^iz)- 

The case of several disjoint disks has been treated in many works (see [Wj for a comprehensive 
list of references), and a certain method for numerical computation of the resonances has been 
used. Although it is not rigorously known whether the numerically found resonances approximate 
the (true) resonances in the exterior of the discs, and whether the dynamical zeta function has an 
analytic continuation to the left of the line of absolute convergence, this way of computation is 
widely accepted in the physical literature. 

In the case of two strictly convex disjoint domains it was proved ([H], [G]) that the poles of 
RxW are contained in small neighborhoods of the pseudo-poles 

TT 

m— + iafc, m £ Z, k £ N . 
d 

Here d > is the distance between the obstacles and > are determined by the eigenvalues Aj 
of the Poincare map related to the unique primitive periodic ray. 

It is known that the above conjecture is true for convex co-compact hyperbolic manifolds 
X = ryH""*"^, where T is a discrete group of isometries with only hyperbolic elements admitting a 
finite fundamental domain (then X is a manifold of constant negative curvature). More precisely, 
the zeros of the corresponding Selberg's zeta function coincide with the poles (resonances) of the 
Laplacian on X jPPej . 

The case of several convex obstacles is generally speaking much more complicated. However 
the case so > is easier, since we know that for — sq < Im(z) < the cut-off resolvent Rxiz) is 
analytic (see [l6]). 

In the following we assume that sq < 0. The first problem is to examine the link between the 
analyticity of Z{s) for Re(s) > sq and the behavior of Rxi^) for < Im(z) < —sq. (The parameters 
z and s are connected by the equality s = iz). In this direction Ikawa established the following 

Theorem 1. ([H]) Assume sq < and N = 3. Then for every e > there exists > so that 
the cut-off resolvent Rxi^) is analytic for Im(z) < — (sq + e), |Re(2;)| > ■ 
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A similar result for a control problem has been established by Burq [Bj. The proofs in [13] 
and [B] are based on the construction of an asymptotic solution Um{x, s; k) with boundary data 
m{x;k) = e^^'^^^^h{x),k S M, > 1, where is a phase function and h G C°°(r) has a small 
support. More precisely, UM{-,s;k) is C°°(r2)- valued function for Re(s) > sq, and we have 

{A^ - s^)Um{; s]k)=Q for x eh, Re(s) > sq, (1.1) 

C/M(.,s;/e) G L2(0)ifRe(s) > 0, (1.2) 
Um{x-, s; k) = m(a;; A;) + rMix, s; k) on F, Re(s) > sq, (1-3) 

where, for rpfix, s; k) and Re(s) > sq + d > sq, \s + ik\ < c, we have the estimates 

\\rM{.,s;k)\\L^^r) < Cd,^,hk-^ . (1.4) 

To obtain the leading term of Um^x, s; k) it is necessary to justify the convergence of series having 
the form 

oo 

^ J2 e-^j(-)aj(x,.;fc), (1.5) 

n=0 |j|=ri,+3j„+2=« 

where j = (jo, . . . , jn+2) are configurations (words) of length |j| = n + 3, ^Pj{x) are phase functions 
and the amplitudes aj{x, s; k) depend on the complex parameter s £ C and a real parameter k > 1 
(see Sections 3 and 5 for the notation and more details). These parameters are not connected but 
to have (1.4) we must take \s + ik\ < c. The main difficulty is to establish the summability of 
above series and to obtain suitable estimates of their traces on T for Re(s) > sq. The absolute 
convergence of Z{s) makes it possible to study the absolute convergence of these series and to 
get estimates which lead to the properties (1.1)-(1.4). This might seem a bit surprising since the 
dynamical zeta function Z{s) is determined by the periods of periodic rays and the corresponding 
Poincare maps, and formally from Z(s) one gets almost no information about the dynamics of the 
rays in a whole neighborhood of the non-wandering set. As it turns out, the absolute convergence 
of Z{s) is a strong condition which enables us to justify the absolute convergence of (1.5). 

The existence of a domain {z £ C : Rez G [E — 6, E + 5], < Im z < hg} free of resonances has 
been proved by S. Nonnenmacher and M. Zworski in |NZj for the operator — /i^A + V{x), V{x) G 
C^{W^), assuming that the trapping set of the Hamiltonian flow of + V{x) has a hyperbolic 
dynamics similar to that of the billiard flow in the exterior of K. The existence of a resonance 
free domain in |NZj is established under the hypothesis Pr(l/2) < 0, where Pr(s) is the topological 
pressure associated with the (negative infinitesimal) unstable Jacobian of the flow In our 
situation this condition is equivalent to Pr {g) < 0, where Pr (g) is the pressure of the function 
g associated with the symbolic dynamics related to the flow (see Sect. 3 for the definition of g 
and its pressure). It is shown in Sect. 3 below that CiPr (g) < sq < C2Pr (g) for some constants 
Ci > 0, C2 > 0, so Pr (g) < if and only if sq < 0. It should be mentioned that the techniques and 
tools in [NZ] are different from those in [13], ^ and the present work. 

In the case Re(s) < sq, it is an interesting problem to examine the link between the analytic 
continuation of Rxi^) for Im(z) > —sq and that of the dynamical zeta function Z{s). Several 
years ago, Ikawa [15] announced a result concerning a local analytic continuation of Rx{z) in a 
neighborhood of a point zq in the region 

Vo,,e = {z£C: lm{z) < -sq + |Re(z)|-", |Re(z)| > CJ, < a < 1, 
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assuming the following conditions: 

(i) Z{s) is analytic in a neighborhood of i^o and 

\Z{izo)\ < |zo|^-^ < e < 1, (1.6) 

(ii) if w{r]) > is an eigenfunction of the Ruelle operator L_^^j_^- with eigenvalue 1, then the 
constants 

M = max , m = min e-"o-''(«)+5(« 

satisfy the inequality < 1 with a global constant < 9 < 1 depending on the expanding 

properties of the billiard flow (see [13], [14]). We refer to Sect. 3 for the notation Sj^, /, g. 

Ikawa announced in [15] that {ii) holds in the case of three balls centered at the vertices of an 
equilateral triangle, provided the radii of the balls are sufficiently small. In general the condition 
{ii) is rather restrictive. On the other hand, it is difficult to check the condition {i) if we have 
no precise information about the spectral properties of Ls = L_^j^- for Re(s) close to sq. In [15] 
there are no comments when (i) holds and whether this happens at all. As we show in Sect. 5, 
the estimate (1.6) for z G -Da,e is related to the behavior of the iterations of the Ruelle operator Lg 
introduced in Sect. 3. It does not look like the tools required to do this were available at the time 
[15] was written. To our knowledge a proof of the result announced in [15] has not been published 
anywhere. 

Starting with the work of Dolgopyat [D] , there has been a considerable progress in the analysis 
of the spectral properties of the Ruelle transfer operators Lg related to hyperbolic systems. The so 
called Dolgopyat type estimates for the norms of the iterations (see [D], |St2j . |St4j ) imply an 
estimate for the zeta function Z{s) in a strip sq — e < Re(s) < sq; e > (see Sect. 3 and Appendix 
C below for details). On the other hand, it is important to note that the information given by the 
estimates of the iterations and the behavior of the spectrum of Lg is richer than that related to the 
zeta function Z{s). 

Assuming certain regularity of the family of local unstable manifolds VF^"(x) of the billiard flow 
over the non-wandering set A (see Appendix C) and that the Dolgopyat type estimates (3.3) hold 
for the related operator Lg for some class of functions, in this paper we prove the following main 
result: 

Theorem 2. Let sq < 0. Suppose that the estimates (3.3) for the operator Lg hold and that the 
map A B X W^{x) is Lipschitz. Then there exist a\ < sq and Ji > such that the cut-off 
resolvent Rxiz) is analytic in 

S = {zgC: lm{z) < -ai, \Re{z)\ > Ji}. 

Moreover, there exists an integer m € N such that 

The geometric assumptions in the above theorem are always satisfied for N = 2. In particular, 
the Dolgopyat type estimates (3.3) stated in Sect. 3 below always hold when N = 2 ( |St2j ). For 
A'^ > 3 it follows from some general results in |St4j that (3.3) hold under certain assumptions about 
the flow on A. These assumptions are listed in detail at the beginning of Appendix C. It seems 
likely that most of these assumptions are either always satisfied or not really necessary in proving 
the estimates (3.3) for open billiard flows. In fact, it was shown very recently in [St5] that one of 
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the condition^ imposed in [St4j (and in |PS2j as well) is always satisfied for pinched open billiard 
flows. Apart from that in |St5] a class of examples with > 3 is described for which the results in 
this paper can be applied. 

Our argument in Sects. 7-8 shows that the integer m in (|1.7p depends on ai and N , however 
we have not tried to get precise information about m. It seems that to obtain an optimal growth 
in (|1.7p is a difficult problem. 

One should stress that the Dolgopyat type estimates only apply to a special class of functions 
on A, namely to Lipschitz functions on A which are constant on any local stable manifold ^^^^{x) 
of the billiard flow (j)t (see Sect. 3 below for details). Notice that the estimates for the iterations of 
the Ruelle operator were originally obtained for the Ruelle operator Cg related to a coding given 
by a Markov family of rectangles (see [PS2] . |St4j and Appendix C for the notation). For the proof 
of Theorem 2 we need Dolgopyat type estimates for the iterations of the Ruelle operator Ls related 
to the symbolic coding using the connected components of K. The link between the operators Lg 
and Cs and the estimates leading to (3.3) are given in Section 3 in |PS2j (see also Proposition 5 in 
Appendix C). 

We should mention that our result implies the existence of an analytic continuation of Rxi^) in 
a strip < Im(z) < — ci, |Re(2;)| > J, without any restrictions on the eigenfunction w{rj) and the 
behavior of Z{s) for cji < Re(s) < sq. The estimate (jl.7p enables us to obtain a scattering expansion 
with an exponential decay rate of the remainder for the solutions of the Dirichlet problem 

o 

{df - A)u{t, x) = 0, xen, iilKxF = 0, 



|i=0 



Set n = H{n) e L^{n), = W{VL) e J > 2, where the space H{n) is the closure of 

o 

CQ°(r2) with respect to the norm 

1/2 



^^11 ■ ° = ( \'Vv(x)\'^dx'] 



Collorary 1. Let N be odd and let x S C^(M") be equal to 1 in a neighborhood of K . Let u{t,x) 
be the solution of (jl.Sp with initial data {xf,X9)- Then under the assumptions of Theorem 2 there 
exists L E N such that for every e > and for t > sufficiently large we have 

m{zi) 

Xu{t,x) = E E Wzuj{^y'''t^-^ + E{t){f,g), 
Im(z;)<-(Ti i=i 

where 

||i?(t)(/,5)ll«<C,e(-+^)*||(/,5)|b.. 
Here ai < sq is as in Theorem 2, zi are the resonances with Im(z/) < —cti, mi{zi) are the multi- 
plicities of Zi and Wzij are related to the cut-off resonances states corresponding to zi. 

A similar result was established by Ikawa [13] with ai replaced by sq < 0. Recently, a local decay 
result for the solutions of the wave equation related to hyperbolic convex co-compact manifolds 

"'^This is the non-degeneracy of the symplectic form over the non-wandering set A - see the condition (ND) in 
Appendix C below. 
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r\]HI'*+^ was proved by C. Guillarmou and F. Naud |GNj . They obtain an exponentially decreasing 
remainder related to the abscissa 6 of absolute convergence of the Poincare series 

dh being the hyperbolic distance. To improve this result, one would have to establish a polynomial 
growth of the corresponding cut-off resolvent for 6 — e < Re(s) < 6, |Im(s)| > and small 
e > 0, and an analog of Corollary 1 can be conjectured for convex co-compact manifolds (for 
which Dolgopyat type estimates are known). For other results concerning scattering expansions for 
trapping obstacles the reader could consult |TZj and the references given there. 

The proof of Theorem 2 is long and technical. The reason for this is that we are trying to 
exploit some quite weak information coming from the Dolgopyat type estimates for some restric- 
tive class of functions defined on a symbolic model to build approximations of the resolvent of a 
boundary value problem based on infinite series which are not absolutely convergent. This reflects 
the geometric situation and we have to deal with infinite series related to reflections of trapping 
rays. In this direction it appears the present work is the first one where infinite series of this kind 
are used for a WKB construction. 

Below we discuss the main steps in the proof of Theorem 2. 

As in [13], [H], the idea is to construct an approximative solution Um{x, s; k) for cji < Re(s) < 
So, |Im(s)| > Ji, k > 1, so that UMi^, s; k) satisfies the conditions (1.1) - (1.3). For our analysis 
in Sect. 8 we need to study the Dirichlet problem for (A^^ — s^) with initial data m{x; k) = 
G(a;)e''^^^'''^ l^gP = G{x)e^'"^^^'^\^^j, coming from a representation by using the Fourier transform. 

On the other hand, it is convenient to pass to data m{x, s; k) = e~^'^^^^bi{x, s; k) with 6i(x, s; k) = 
^(s+ik)tp{x)Q(^^-j and to work with two parameters s G C and k > 1. After the preparation in Sects. 
3-5, we construct in Sect. 6 the first approximation V^^\x, s; k). The first step in the construction 
of V^^\x, s; k) is the analysis of the series 

oo oo 

woj{x,s;k) = ^ ^ e~'"^i^''^aj{x,s;k) = ^ Un+2,j{x, s; k), x e Fj, 

"=-2 |j|=n+3,j„+2=i "=-2 

where j = {jo, . . . , jn, jn+i, jn+2) are configurations of length |j| = n + 3, ip^{x) are phase functions 
and aj{x,s;k) are amplitudes determined by a recurrent procedure starting with m{x,s;k). This 
series corresponds to the sum of the leading terms of the asymptotic solutions constructed after an 
infinite number of reflections. The analysis of WQj{x,s;k) is given in Sects. 3-5. The main goal 
there is to justify the existence of wqj{x, s; k) and to obtain an analytic continuation of WQj{x, s; k) 
from Re(s) > sq to a strip ctq < Re(s) < sq with ctq < sq. To do this, as in the analysis of Dirichlet 
series with complex parameter, the strategy is to establish suitable estimates for Un+2,j{x, s; k) and 
to apply a summation by packages. The structure of Un+2,j is rather complicated since the phases 
(/7j(x) and the amplitudes aj{x,s;k) are related to the dynamics of the reflecting rays having |j| 
reflections and issued from the convex front {{x,V(p{x)) : x £ supp h}. It seems unlikely that an 
explicit relationship exists between Un+2,jix, s; k) and the iterations - _ of the Ruelle operator 
^-sf+g (®^^ Sects. 3 and 5). Consequently, one would not expect a particular relationship between 
J2'^=-2 Un+2,j{x, s; k) and the zeta function Z{s). Thus, it appears the situation considered here is 
rather different from the case of convex co-compact surfaces where it is known that the singularities 
of the Selberg zeta function coincide with the singularities of the corresponding Poincare series which 
in turn is related to the resolvent of the Laplacian [PPe] . 
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It was observed by Ikawa [15] that Un+2,j{x, s; k) can be compared with L" - -Mn,six)GsVs{0^ 
where A4n,s{x) and Gs are suitable operators defined by means of billiard trajectories issued from 
appropriate unstable or stable manifolds, while Vs{£,) is a function related to the boundary data 
m{x,s;k) = e-''^(^)/i. The precise definitions with some small but essential difference^ are given 
in Sect. 3). 

The crucial step in this direction is Theorem 3 in Sects. 3-4 below which provides an estimate 
of the form 

\\Ll,j^gMnA^)GsVs{0 - Un+2,ii^,s;k)\\cP^r) < Cpis,ip,h)i9 + car, Vp G N, Vn G N, 

where a = sq — Re(s) and c > 0, < < 1, Cp > are global constants. The assumption concerning 
the Dolgopyat type estimates (3.3) of Lg is not required for the proof of Theorem 3. A statement 
similar to part (a) of Theorem 3 (corresponding to p = 0) was announced by Ikawa in [I5j , however 
as far as we know no proof has ever been published. The proof of Theorem 3 is long and technical, 
however we consider it in detail since it is of fundamental importance for the considerations later 
on. It is essential to notice that the link between Un+2,j and the iterations of the Ruelle operator 
L jj^- is crucial and allows us to find suitable estimates and deduce the convergence of woj{x, s; k). 
This could be considered as a mathematical interpretation of the interaction between the terms 
with complex phases in Un+2,j- Sect. 3 contains the proof of Theorem 3 in the case p = 0, while 
Sect. 4 deals with p > I. 

In Sect. 5 we obtain estimates for WQj(^x,s',k) applying Theorem 3. The convergence of 
woj{x, s; k) is reduced to the convergence of the series X^^q f -M.n,six)GsVsiO- Here the 
Dolgopyat type estimates (3.3) for the iterations play a crucial role and we can justify 

the analyticity of woj{x, s; k) for Re(s) > fio with (Tq < sq. The estimates of woj{x, s; k) for 
(To < Re(s) < So are different from those in the domain of absolute convergence Re(s) > sq. 

In Sect. 6 we construct outgoing parametrix Ph,Pg,Pe respectively for the hyperbolic, glancing 
and elliptic sets of T*{Tj) related to a fixed strictly convex obstacle Kj. We set Sj{s) = Ph + Pg + Pe 
and define the first approximation 

V^^^ {x, s; k) = {Sj{s)wQ^j^ (x, s; k),x G f], 
i=i 

which is an analytic function for s ^ T>q = {s ^ C : ctq < Re(s) < 1, |Im(s)| > J > 2}. Here 
the estimates for Un+2,jix,s;k) obtained in Sect. 5 are crucial for the convergence of the series 
Sj{s)woj. Next, we need to examine the leading terms of the traces of V^'^^ on Ti, I ^ j, and for this 
purpose we use a microlocal analysis based on the frequency set introduced in |GSj and [G] as well 
as a global construction of asymptotic solution with oscillatory boundary data e~^'^'^i^^^b{x,s;k) 
with frequency set in the hyperbolic domain given by Ikawa [l3|. Thus, we show that V^^\x,s;k) 
satisfies the conditions: 

(A^ - s^)V^^\x, s;k) =0, X eh, s e Vo, 

{x, s] k) G L2(0) for Re(s) > 0, 
V^'^^ (x, s; k) = m{x, s;k) + s~^Ri {x, s; k) on F, s G Po i 



In fact, it is difficult to see how the original definitions of the operators Mn,3 and Gs in would work without 
the changes we have made in Sect. 3 below. 
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with estimates 

||i?i(x,s;A:)||cP(r) <Cp(s + ifc)f+2|s|P+(^+3)/2+/3o, < /3o < 1, Vp G N, 

where {z) = (1 + \z\). The main point here is that Ri{x, s; k) is analytic for s G T>q. Finite higher 
order approximations V^^^x, s; k), j = 0, M — 1, are examined in Sect. 7, and we show that 

M-l 

s; k) = m{x, s; k) + s~^^ Qm{x., s; fc), x G F, s G Pq , 

3=0 

with estimates 

\\QM{x,s;k)\\co(^r) < CMkr(^^)(s + ifc)^(*^), s G , 

where N{M) > M depends on M and L{M) — t- oo as M — t- oo and Qm{x, s; k) is analytic for 
s G Pq- The situation here is quite different from the absolutely convergent case treated in [13], [B], 
where we have N{M) = for Re(s) > sq + d > sq. We need a finite number M — 1 > (A^ — 3)/2 
of higher order approximations, so we fix M and, applying a version of the three lines theorem, we 
choose a\ < sq close to sq so that for 

s G {s G C : o"! < Re(s) < sq + c, |Im(s)| > J,\s + ik\ < \ao\ + c}, sq + c > 1 

we get an estimate 

\\QM{x,s;k)\\co(^r) < Snk" 

with < a < M — -^^j^. The final step of our argument is in Sect. 8, where we solve an integral 
equation on the boundary F. To do this, we invert in L'^(T) an operator / + Q{s; k) and we apply 
the last estimate to show that Q{s;k) has a small Lp'iT) norm for k > ki. 

Depending on how much details the reader is prepared to see in trying to understand the proof 
of our main result, we would suggest three different ways to proceed. The first (shortest) one is 
to start by reading Sect. 2 and only the beginning of Sect. 3 concerning the definitions of Uj{x,s) 
and the statement of Theorem 3, however omitting the proof of this theorem in Sects. 3-4. Then 
one should read the definition of wqj^x, s) in Sect. 5, and skipping the proof of the estimates (15. 8p 
of wqj in Sect. 5, one could go directly to the constructions in Sect. 6, followed by Sects. 7 and 
8. The arguments in Sect. 6-8 use only the estimates (15. 8p and some geometrical facts from Sect. 
2 and Appendix B, so the reader should be able to understand the proof of Theorem 2 in Sect. 8 
modulo the omitted technical details. The second way to proceed is to read Sect. 2 and then to 
follow the dynamical proofs in Sect. 3, assuming the estimate (3.3). One could then proceed as 
above up to Sect. 8. In this way at a first reading Sect. 4 could be skipped, if the reader is not 
interested in the details of the estimates of the derivatives of Un+2,j- Finally, the third (complete) 
way is to read Sect. 2 and then Appendix A and Appendix C in order to understand the estimates 
(3.3) and the restrictions on the class of functions for which he have Dolgopyat type estimates 
based on |St4j and |PS2) . Then one could proceed as in the second way. 

Acknowledgement. The authors are very grateful to the referees for their thorough and careful 
reading of the paper. Their remarks and suggestions lead to a significant improvement of the first 
version of this paper. 
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2. Preliminaries 

This section contains some basic facts about the dynamics of the bilhard flow in the exterior 0, 
of K. Our main reference is [13]; see also [Bj and [PSlj . The notation follows mainly [13] . 

Throughout the whole paper we use the notation c and C to denote positive global constants 
depending only on K. These constants might be different in different expressions. Notation of the 
form Cp, Cp will be used to denote global constants that depend on K and possibly the number p. 

Here and in the rest of the paper we assume that K is as in Sect. 1. Denote by A the kq x kq 
matrix with entries A{i,j) = 1 \{ i ^ j and A[i,i) = for all i, and set 

= {(••• ,V-m,-- .,V~i,Vo,m, ■■■ ,Vm, ■■■)■■ ^ <Vj < 1^0, Vj e N, r]j / r]j+i for all j € Z} , 
= {iVo,Vi, ■■■ ,Vm, ■■■)■■ ^ < r]j < Kq, r]j G N, 7]j / rjj+i for ah j > 0} , 
= {(••• ' V-m, ...,r]-i,rjo):l<r]j< kq, rjj G N, r/j_i / rjj for ah j < 0} . 
Let pr;^ : S*{U) = Q x S^~^ — > Q and pr2 : S*{Q) — > be the natural projections. Introduce 

the shift operator a : Sa — > and a : — > by {cr{£,))i = Ci+i; ^ G ^ G ^A and 
(a(0)^=em, iGN, ^GS+. 

Fix a large ball Bq containing K in its interior. For any x G F = dK we will denote by ^{x) 
the outward unit normal to F at x. 

For any (5 > and V denote by S^iV) the set of those (x, u) G S'*(il) such that x G ^ and 
there exist y G F and t > with y + in = x, y + G \ K for all s G (0, t) and (u, v{y)) > 6. 
The condition (H) implies the following (see Lemma 3.1 in [13] ) 

Lemma 1. There exist constants (5o > and do > such that for all i, j = 1, . . . , kq, if a ray issued 
from X G Fj with direction u hits Tj at a point y G Tj such that {u,v{y)) > —5q, then the forward 
ray issued from {y,v) with v = u — 2{u,u[y))v{y) does not meet a do neighborhood of Ui^jK^. 

That is, there exists a constant 5' > such that if for some G S*{Vt) with y G F, both its 

forward and backward billiard trajectories have common points with F, then 6' < {v,v{y)). 

Let zq = (xo,no) G S*{VL). Denote by Xi{zq),X2{zq), . . . ,Xm(zo), . . . the successive reflection 
points (if any) of the forward trajectory 7+(zo) = {v^i{4>t{zQ)) : < t} . If 7+(^;o) is bounded (i.e. 
it has infinitely many refiection points), we will say that it has a forward itinerary r] = {r]i,ri2, ■ ■ ■) 
(or that it follows the configuration rf) if Xj{zQ) G dKr^. for all j > 1. Similarly, we will denote 
by 7-(-2;o) the backward trajectory determined by zq and by . . . ,X_m(zo), • • • ■,X-i{zo),Xq{zq) its 
backward reflection points (if any). For any j £ 7^ for which Xj(zo) exists denote by Sj(zo) the 
direction of 7(^0) = 7- (^0) U 7+(zo) at Xj{zo) = pri((/)t^, (zq)), i.e. Ej{zo) = limtx^t . pr2((/)t(2;o)). 
Thus, (ptjizo) = {Xj{zo),Ej{zo)). A finite string j = (jo, Ji,i2, • • • ,Jm) of numbers ji = 1,2, . . . ,ko 
will be called an admissible configuration (of length |j| = m + 1) if 7^ jj+i for all i = 0, 1, . . . , m — 1. 
We will say that a billiard trajectory 7 with successive reflection points xo,xi, . . . ,Xm follows the 
configuration j if Xj G Tj. for all i = 0,1,... ,m. 

A phase function on an open set U in is a smooth (C°°) function ip : lA — > M such that 
||V(/?|| = 1 everywhere in U. For x gU the level surface 

CA^) = {y & u ■ Hv) = "fix)} 

has a unit normal field ibV(y9(y). 

Remark 1. It should be mentioned that in Sects. 2-4 the C°° smoothness assumption can be 
replaced by for any k > 1. 
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Definition 1. The phase function ip defined on lA is said to satisfy the condition (V) on V if: 

(i) the normal curvatures of with respect to the normal field — V99 are non-negative at every 
point of C^; 

(ii) U+{^) = {y + tVifiy) : t > 0, y G ^/ n V} D lJ^^jKi. 

A natural extension of ip on hl^[ip) is obtained by setting (p[y + t'V(p{y)) = ip{y) + t for t > 
and y eUnV. 

Given a phase function ip satisfying (V) on Tj and i ^ j, denote by ZYj((^) the set of all points 
X of the form x = Xi{y,'Vif{y)) + tEi{y,Vip{y)), where y £ U Ci Tj and t > are such that 
Xiiy,Vip{y)) G rj^(j), where 

^i,U) = {x eTi-. {u{x), {y - x)/\\y - x\\) > 60 for ah y G Tj} , 

Then setting ipi{x) = ip{Xi{y,'Vip{y))) + t, one gets a phase function ipi satisfying the Condition 
{V) on Ti ([E]). The operator sending ip to (pi is denoted by i.e. = ^i- 

Given an admissible configuration j = {jo, ji, ■ ■ ■ , jm) and a phase function ip satisfying the 
Condition (V) on Fj^, define 

Jm-2 Jl JO 

Notice that for any z in the domain Uj{(p) of ipj there exists {x,u) G S^{TjQ) such that x gU and 
7+(x,n) follows the configuration i.e. it has at least m reflection points and Xi{x,u) £ Tj. for all 
i = 1, . . . ,m, and z = Xm{x, u) + t Emix, u) for some t > 0. Denote 

X-^z^ip-^) = X„,-i{x,u) ,0<i<m. 

Several well-known facts about the dynamics of the billiard in 0,, phase functions and related 
objects will be frequently used throughout the paper and for convenience of the reader we state 
them here. 

The following is a consequence of the hyperbolicity of the billiard flow in the exterior of K and 
can be derived from the works of Sinai on general dispersing billiards ([SilJ, [Si2j) and from Ikawa's 
papers on open billiards (0; see also [Bj). In this particular form it can be found in [Sj] (see also 
Ch. 10 in [EST]). 

Proposition 1. There exist global constants C > and a G (0, 1) such that for any admissible 
configuration j = (jo, Ji, . . . , jm) CLnd any two billiard trajectories in Q with successive reflection 
points xo,xi, . . . , Xm and yo,yi, ■ ■ ■ ,ym, both following the configuration j, we have 

\\xi - y^\\ < C {a' + a""-') , 0<i<m. 

Moreover, C and a can be chosen so that if there exists a phase function ip satisfying the condition 
{V) on some open set U containing xq and yo o-nd such that Vip{xQ) = (xi — xo)/||xi — xo|| and 
Vipiyo) = [yi - yo)/||yi - yoll, then \\xi - yi\\ < C d^~'' forO<i<m. 

d d 

Next, given a vector a = (ai, . . . , on) G M^, denote Da = ai t; \- . . . + t; , and for 

0x1 oxn 

any vector field / : [/ ^ ([/ C M^) and any F C ^7 set WfhiV) = sup^gy ||/(x)|| and 
ll/llo = ll/l|o(f^)- Assuming / has continuous derivatives of all orders <p {p > 1), set 

\\fUx)= max ||(Z),a)...D,(,)/)(x)|| , ||/||p(y) = sup ||/||p(x) , \\f\\p = \\f\UU), 
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(p)(x)= maxj|/||,(x) , ||/||(p)(l/) = sup||/||(p)(x) , ||/||(p) = ■ 
Similarly, for x GT and ^ C F set 

||/||r,p(x)= max . . . , ||/||r,p(y) = sup ||/||r,p(x) , ||/||r,p = ||/||r,p(C/) , 

a(i),...,a(p)eSa:r xey 

where S'^jF is the unit sphere in the tangent plane T^T to F at x. Finally, set 

||/||r,(p)(x)= max ||/||r,,(x) , ||/||r,(rt(^) = sup , ||/||r,(rt = ll/llr,(rt(C/) ■ 

Remark 2. It follows easily from the definitions that for any 6 > and any integer p > 1 there 
exists a constant Ap = Ap(5, K) > such that if ^ is a phase function which is at least C^+^-smooth 
on some subset V of Q. and x £VnT with {x,V'ip(x)) G Sg{V), then ||V'(/'||p(x) < Ap \\V'ip\\r,p{x) . 

The following comprises Proposition 5.4 in jiTj, Propositions 3.11 and 3.12 in [13] and Lemma 
4.1 in jI2] (see also the proof of the estimate (3.64) in [B]). 

Proposition 2. For every integer p > 1 there exist global constants Cp > and a G (0, 1) such that 
for any admissible configuration j = (jo,ii, . . . , jm) cind any phase functions (p and satisfying the 
Condition iV) on Fj^ on some open set U, we have 

\\Vipi\\p{x)<Cp\\V^\\(^p){UnBo) (2.1) 

for any x £ ^(92) H Bq, and 

||V</.j-VV'j||p(x) <Cpa"^||V(^-V^||p(^/nSo) , (2.2) 

\\X-\;Vipi) - X-^(-, VV'j)||r,p(a;) < Cpo""^ \\Vip - VV||(p)(Z^ n Bq) (2.3) 
for any x G l^jif) nZYj(^) Pi Bq and < i < m. Finally, we can choose Cp > so that 

\\X-\.,Vip^)\\r,p{x)<Cpa' (2.4) 
for all X £ n Bq and < £ < m. 

Given x in the domain of a phase function ip, denote 

^^^""^ = [g,{X'^{x,Vp))) 

where G^{y) is the Gauss curvature of G^{y) at y. It follows from [13] (or [B]) that there exist 
global constants 0<Qi<a<l such that 

< ai < A^(y) < a < 1 (2.5) 

for any phase function p and any y G l^ip)- 

Now for any j = {jo = I, ji, ■ ■ ■ , jm) and any x £ U^{lp), slightly changing a definition from [13], 

set 

{A;{p^)h){x) = K^;,{x)h{X-^{x,Vp;)) , 

where 

K^^{x) = G (0,1) . 

The following facts can be derived from jlT], [13] (see also Proposition 5.1 in [B]). 
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Proposition 3. For every integer p > 1 there exists a global constant Cp > such that for any 
admissible configuration j = {jo,ji, ■ ■ ■ ,jm) cLnd any phase function ip satisfying the Condition (V) 
on Tjjj on some open set U, we have ||A<^ j||p(x) < Cp \\V ip\\(^p-^{U n Bq) for x G ZYj(v') H Bq . 



3. RUELLE OPERATOR AND ASYMPTOTIC SOLUTIONS 

Given ^ ^T^a, let . . . , P_2(C)) -f-i(0> -fo(Oi -fi(Oi -f2(0> • • • the successive reflection points 
of the unique billiard trajectory in the exterior of K such that Pj{i) G K^. for all j G Z. Set 

/(0 = 11^0(6-^1 (Oil- 

Following [13] (see also Appendix A), one constructs a sequence {'/'gj j^-oo °f phase functions such 
that for each j, (/j^j- is defined and smooth in a neighborhood C/^j- of the segment [Pj(^), 
in J7 and: 

(i) ||V(/9gj|| = 1 on U^^j and Vip^j satisfies the part (i) of condition (V) on U^j; 

<"> ^''^^^<^'«» ^ M-pZ 

(iii) = on r^^.^^ n f/gj n c/^j+i ; 

(iv) for each x G f/^j the surface C^j{x) = {y £ U^j : ip^j{y) = ip^j{x)} is strictly convex 
with respect to its normal field Vip^j. 

More precisely, one can proceed as follows. Given ^ G T,a, let ^~ = (. . . ,(^^2,C-i,S,o) and let 
Tp^- be the phase function with ^^-(Pq) = and V^g-(Po) = (A — -Po)/||-Pi — ^o|| constructed 
in Proposition 4(a) in Appendix A. Set ip^fi = ip^- and ip^j = (^/;g-)(gQ ^g^,) for any j > 0. For 

j < 0, setting ^^-^^ = (• • • y^j-2,Cj-i,Cj) and using again Proposition 4, we get a phase function 
'(/'^{j) with ip^(j){Pj) = and VTp^(j){Pj) = {Pj+i — Pj)/\\Pj+i — Pj\\. By the uniqueness of the 
phase functions (see Proposition 4(c)), it follows that there exists a constant Cj such that 
V'^- = (^^0) + Cj)(^,,^,+i,...,Co) (locally near the segment [Pq, A])- Setting = V^o) + Cj, one 
obtains a phase function defined on some naturally determined (see the proof of Proposition 4 (a) 
in Appendix A) open set such that 

(v'c,i)fe^+i,...,c-i,eo) = V'e-. J < . (3.1) 

This completes the construction of the phase functions <p^j- 

Moreover, it follows from Proposition 2 that for any p > 1 there exists a global constant Cp > 
such that 

\\^Vukp)<Cp (3.2) 

for all ^ G TiA and j G Z. 

Remark 3. Notice that the above construction can be carried out for j < for any ^ G and 
any billiard trajectory 7 in with reflection points . . . , P_2(C)) -f-i(O) -fo(0 such that Pj(0 G K^. 
for all J < 0. Then one deflnes a phase function with tp^- (Pq) = as above, and using (4.1) one 
gets a sequence W(,j}j<o of phase functions such that for each j < 0, ip^j is deflned and smooth 
in a neighborhood U^j of the segment [Pj(^), Pj_|_i(^)] in fl and satisfles the conditions (i)-(iv). 
Moreover (3.2) holds for any p > 1 and any j < 0. 
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For any y £ U^^ j denote by j{y) the Gauss curvature of j{x) at y. Now define g : — > M 
by ' ' 

.(e) = ^ log ^^^i^. 

^^^^ iV-1 ^^^,0(^^0(6) 
Clearly, g{^) = log A^^ ^(Pi(e)), where is the function introduced in Sect. 2. 
Given a function F : Syi — > C and an integer n > 0, set 

var„F = sup{|F(^) - F{r])\ : = for \i\ < n}, 

and for < < 1 we define ||-F||6i = sup„ ^^q^^ , \\\F\\\0 = ll-f'lloo + and introduce the space 
= {F{^) : |||F|||6) < 00}. Clearly J^qCE^) is the space of all Lipschitz functions with respect 
to the metric dg on T,a defined by dg{^,£,) = and dQ{^,r]) = 0", where n > is the least integer 
with = rji for \i\ < n. 

It follows from Proposition 1 that f,gG J-"q.($]a). By Sinai's Lemma (see e.g. [PP]), there exist 
f,g€ J-"^(Sa) depending on future coordinates only and X1jX2 G -^^(^a) such that 

/(0 = /(e) + xi(e)-xi(^6 , 5(0 = 5(e) + x2(o-x2(ctO, ee^A. 

As in the proof of Sinai's Lemma, for any k = 1,...,ko choose and fix an arbitrary sequence 
rj^^'' = (..., rj^^m: • • • 5 V-hvo'^) £ '^l*b r?o'^'' / k. Then for any G (or ^ G Sj^) set 

e(6 = (. . . ,ryit\ • • • = CcCi, . . . ,em, . . .) e Sa ■ 

Then we have 

00 

xi(e) = E[/(^"(^))-/(^"^(^))]' 

n=0 

and the function X2 is defined similarly, replacing f hy g. 

Setting xHt^) = ~sXi{0 + X2{0^ fo^ t^e function R{^,s) = — s/(e) + 5(0 + itt we have 
R{C, s) = R{C, s) + x(e, s) - x((Te, s) for ^ G S^, s G C, where ^(C, s) = -s f{0+g{0 + i vr depends 
on future coordinates of ^ only (so it can be regarded as a function on Sj^ x C). Below we need 
the Ruelle transfer operator Lg : C(IlJ^) — > C(Il^) defined by 

LMO= 5^e^(^'^)n(r?) 

ai]=e. 

for any continuous (complex- valued) function u on Sj^ and any ^ G Sj^. Notice that 
L>(e) = (-1)" e-'f^^^^'^^'^^uiTi) = i-ir L^sJ+g'^ii) , n > , 

hence ||L^||^ = Set = L_^j^-. 

Define the map $ : — Ag^^ = A n Sqj^{Q) by 

$(0 = (Po(e), (A(e) - ^'o(e))/iiA(e) - ^^0(611) • 

Then $ is a bijection such that ^ o a = B o where B : Aqk — > Agx is the billiard ball map. It 
is well-known (and relatively easy to see) that there exist global constants 0<a'<a<l,C>0 
and c > (a is actually the constant from Proposition 1) such that 
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where dist is the Euchdean distance in S*{Q,) C x S^^^. Thus, if h : Agx — > C is Lipschitz, 
then ho ^ £ /^(S^), and if u G J-"q,/(E^), then v o is a Lipschitz function on Aqk- 

Let vr : — > EJ^ be the natural projection. Notice that for any function v : Sj[ — > C the 
function voir : Tja — > C depends on future coordinates only, so (z;o7r)o$~^ : Aqk — > C is constant 
on local stable manifolds. Conversely, if h : Aqk — > C is constant on local stable manifolds, then 
V = ho ^ : — > C depends on future coordinates only, so it can be regarded as a function on 
For any (p, n) G S*{Q,) sufficiently close to A, let u){p,u) E S'g^(O) be the backward shift of 
(p, n) along the flow to the first point at the boundary. That is, uj{p,u) = {q,u) G Sgj^{Q), where 
p = q + tu and (p, u) = (j)t{q, u) for some some t > and (n, I'iq)) > 0. Thus, oj : Vq — > Sqj^{CI) is 
a smooth map defined on an open subset Vq of S*{Q) containing A. 

Denote by Cu^^ {Aqk) the space of Lipschitz functions h : Aqk — > C such that houj is constant 
on any local stable manifold ^^^^{x) of the flow cpt contained in the interior of Vq \ For 
such h let Lip(/i) denote the Lipschitz constant of h, and for f G R, \t\ > 1, define 

l|/i|lLip,t = ll/^llo + , \\h\\o= sup \h{x)\ . 

To estimate the norm of Lg, we will apply Dolgopyat type estimates ([D]) established in the 
case of open billiard flows in [St2j for N = 2 and in [St4] for N >3 under certain assumptions (see 
Appendix C below). It follows from these results that there exist constants do < sq and < p < 1 
so that for s = r + it with r > ctq, \t\ > 1 and n = p[log \t\] + I, p £ N, < I < [log — 1, for any 
function v G C(Sj^) of the form v = ho ^ for some h G Cu^^ (Aqk) we have 

IlLMloo < C/[i°sl*l]e'P^(--/+^) ||/i||Lip,t . (3.3) 
Here Pr (F) denotes the topological pressure of F defined by 



Pr(F) = sup [h^{c7)+ [ Fdfi], 



where A^o- is the set of all probability measures on invariant with respect to a and h^^a) is the 
measure-theoretic entropy of a with respect to /u. 

The abscissa of absolute convergence sq introduced in Sect. 1 is determined by the equality 
Pr(-so/ + 5) = 0. Thus, 



hy{a) — So y fdv + j gdv < , Vz^ G 



Let Vg be the equilibrium state of g such that Pr {g) = hyg{a) + J gdug. Then Pr {g) < sq f fdug. 
Next, let 1^0 G Aia be the equilibrium state of —so/ + 9 with 



(a) - So j f dvQ + j gdiyo = 0. 



This yields so / f di^Q = hiy^{a) + J g duQ < Pr (g). Consequently, 

Pr (g) Pr (g) 

< So < 



I fdi^g If ^^0 

and we deduce that so < if only if Pr {g) < 0. 

We will deal with oscillatory data on Fi (which can be replaced by any Fj) of the form 

tii(x,s) = e~'*'^(^U(x) , x G Fi ,s G C, ao < Re(s) < 1 . 
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Here ip is a C°° phase function defined on some open subset U = U{(p) and satisfying the condition 
(V) on Fi (see Sect. 2 above) and h is a C°°{T) function with small support on Ti. In fact, using 
a C°° extension, we may assume that /i is a C°° function on R-'^, so in particular h is C°° on U, as 
well. For every configuration j = {jo, ji, ■ ■ ■ , jm), jo = 1, |j| = m + 1, we can construct a function 
tij(x, s) following a recurrent procedure (see [E]). We construct a sequence of phase functions (pj{x) 
and amplitudes aj(x) and define 

u^{x,s) = (-l)lj|-ie-'^^j(^)aj(x) . 

For the configurations j and j' = {jo, ji, ■ ■ ■ , jm, jm+i) we have Uj^{x,s) = ui{x,s) on Fi and 
-Uj {x, s) + uy {x, s) = on Tj^^^ . 

The phase functions Lfj and their domains Uj{ip) are determined following the procedure in 
Section 2. In particular, each ipj satisfies the condition {V) on Tj^, so it follows from the definition 
of the condition {V) (see (ii) there) that Fj C hl]{^) for every i = 1, . . . , kq, i 7^ im- The amplitudes 
aj {x) are determined on lA-^ {ip) as the solutions of the transport equations 

2(V<^j,Vaj) + (AvPj)aj = 0. 

More precisely, using the notations of Sect. 2 (see also Sect. 4 in [13] and Sect. 4.1 in [15]), we will 
assume that a^{x) has the form 

ai{x) = {Ai{^)h){x) , xGUi{ip). (3.4) 

Next, let fi = {fiQ = li/^i)---) £ follows from [13] that there exists a unique point 

y{n) £ Fi such that the ray j{y,ip) issued from a point y{fj,) in direction Vip{y{fi)) which follows 
the configuration /u. Let Qo(^) = y(^)) Qi(/^)) . . . , be the consecutive refiection points of this ray. 
Define 

/+(^) = ||Q.(^)-Q.+i(m)|| , 5+(;.) = ^logS^^^tl^<0, 
where G'^^{y) denotes the Gauss curvature of the surface 

C^.i^^) = ^ %o,w,...,M.)('^) • 93{/.o,m,...,M.)(^) = V'{/.o,m,-,M.)(^)} 

at y. As for g{C), the function gf{^) can be expressed by means of the function A^p introduced in 
Sect. 2, namely gf{ii) = logA^^^^ ^^ ^^j(Qi+i(^)). 

Using the points Qj{fJ.) constructed above, define v G Te{T,\) by 

^,(^) = e-^'^Wo«))MQo(e)) 

if .^0 = 1 and Vs{0 = otherwise. Here the function h comes from the boundary data ui{x, s). 
Next, for s G C and G with ^0 = li following |I5], set 

00 

4>''i^, s) = Yl i-' [/(^"^(O) - fniO] + [5(^"e(0) - 9^{0]) ■ (3.5) 

n=0 

Formally, define (^, s) = when ^0 7^ 1) thus obtaining a function 0+ : Sj^ x C — > C. 
Now for any s G C define the operator Qs '■ C{Tj\) — > C(Sj^) by 

{Osvm = E e-<^^(^'^)-'^^"(^)+^('') ^;(r?) , v G C(S+) , C G S+ . 
(Although similar, this is different from the corresponding definition in [15^.) 
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Fix an arbitrary I = 1,...,ko and an arbitrary point € F^. Define the function 
(/)~(j;o; ■) ■) : X C — )• C (depending on I as well) as follows. First, set 4>~{xo;r], s) = if 
r/o 7^ ^. Next, assume that rj G satisfies ijq = i. There exists a unique billiard trajectory in 
Q with successive reflection points Pi{xo;r]) G dKr^ (— oo < i < 0) such that xq = P-i{xQ;r]) + 
t'Vilj^-{P^i{xQ;r])) for some t > 0. (See the beginning of this section and Appendix A for the 
definition of ipjj- ■) Notice that in general the segment [P_i(xo; xq] may intersect the interior of 
Ki. Denote ^0(2^0;^) = 2:0, and for any i < set 



fi ixo;v) = \\Pi+iixo;v) - Pi{xo;7])\\ , 5j (xo;r?) 



iV- 1 



log 



Gr,,iiPi+i{xo;ri)) 
Gn,i{Pi{xo]ri)) 



Then define 



(f) ixo;r],s) 



—00 

E 

i=~l 



[/(^^(^))-/r(^o;r?)]+ 5^[5(^*(7?))-<?r(xo;r?)] . 



i=-l 



We will show later that this series is absolutely convergent. 

Next, define the operator A4n,s{xo) : C{Tj~^) — > C(S^) (depending also on i) by 



iMnA^0)v) (6 



^ ixo;<T"+'-eiri),s)-xia"+^e{r,),s)-sfir,)+g{rj) 



V{7]) 



for any v G C(S^), any xq G T and any ^ G S^. 

Let So G M be the abscissa of absolute convergence of the dynamical zeta function (see Sect. 1) 
determined by Pr (— so/ + 5) = 0. 

The first part in the following theorem is similar to (4.10) in [15] : 

Theorem 3. There exist global constants c > 0, a > 0, 6* G (0, 1) and Cp > for every integer 
p > such that for any choice of i = 1, . . . ,kq and xq G the following hold: 

(a) For all integers n > 1, all ^ £ Sj[ with £,o = i and all s £ C with Re(s) > sq — a we have 



=n+3,j„+2=i 



< Co(0 + ca)"e^o[l^^(^Hi+ll*.o)+i|Vv.||r,(i)] + \\V^\\r,^,)) \\h\\r,o + \\h\\r,ii) 
(h) For all n > 1, all ^ £ Sj^ with ^0 = i and all s € C with Re(s) > sq — a we have 



. (3.6) 



=n + 3,jn+2=i 



< Cp(0 + ca)"e^-[l^^(^)l(i+ll*.o)+ll^'^llr>a)l^(|s|||V(^||r,^ + y^ 



i=0 



In this section we deal with part (a). The proof of part (b) is given in Section 4 below. 
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Proof of Theorem 3(a). Fix £, xq G and ^ G Sj^ with = ^- Then for any s G C and n > 1, 
using Sect. 4.1 in [IS], setting j = (1, ji,j2, • • . , we get 

Hl,n,J2,...,.^ui)i^0,s) = (-l)"+2,-s[^(Qo(j))+/o^(.o;j)+...+/:^,(.o;j)]«.(^^) ^ (3.3) 

where /^(xo;j) = \\Qi{xo;i) - Qi+i{xo;j)\\ (i = 0, 1, . . . , n + 1), Qi(xo;j) being the reflection 
points of the bilhard trajectory issued from a point y G Fi in direction 'SJip[y) which follows 
the configuration j for its first n + 1 reflections and is such that Qn+2{xQ\S) = xq. Notice that 
the segment [Q„+i(xo; j), xq] may interseclH the interior of K^. Then there is exactly one such 
trajectory. Given a function F{^) : S't — > C, introduce the notation 



Fn{i) = F(0 + F{a{i)) + ... + 



We have 



= ( — 1)" ^ Q-sfn{ri)+gn{ri) ^ 



sfu('i)+gu('q) ST e-'?^"(^o;<T"+ie(C),^<)-x(^"+ie(C),*)-^/(C)+9(C) 



(-1)" e-^-^"+2(^')+^"+2(M) ^ (3.9) 



where the function 



W^^+^\xo; ; •) = wi}'-'\xo; •, •) : S+ X C ^ C 
is defined by W^"'~^'^\xq; /i, s) = when /io / 1 or ;U„4.2 / ^ and 

l^("-+^)(xo;/i, s) = e"'^~(^o;o-"+^e(o-/x),s)-x(cr"+ie(o-Aj),s)-(/.+ (/^,s)+x(e(M),s)-S¥'(Qo(M)) h{Qo{fJ.)) (3.10) 

whenever //q = 1 and /x„+2 = ^. It follows from (3.9) that 

[L^MnA^o)Gsixo)vs] (0 = (-1)" (vf("+2)(xo; -,«))] (6 • (3.11) 
Clearly, in (3.9) the summation is over sequences 

= (1,J1,J2, • • • , • • •) = ihO : (3-12) 

with /x„+2 = ^, where j = (1, ji, j2, • • • ,jn+i,i)- 
Write for convenience 

Vr("+2)(xo;/x,s) = e^(^o;M,^)e-^^(Qo(M)) h{Qoi^i)) , (3.13) 

where 

z{xo;fi,s) = -(/)~(xo;cr"+^e(cr/x),s) - x(o-"'*'^e(cj/x), s) - (/>+(/i,s) + x(e(/u),s) . (3.14) 



''in fact one can define the functions /,^(a;o; j) (i = 0, 1, . . . , n + 1) and therefore Mj(xo, s) for any xq £ Hji^) in a 
similar way. Just consider the (unique) biUiard trajectory issued from a point y = Qo(a;o; j) G Ti in direction Vi^(j/) 
following the configuration j for its first n+1 reflections and such that if v is the reflected direction of the trajectory 
at Q„+i(a;o; j), then xq = Q„+i{xo,}) + in for some t > 0. 
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It follows from Propositions 1 and 2 that there exist global constants C > and a G (0, 1) such 
that 

l/(^Me))-/+(OI<C7«" , |5(aMe))-5+(0l<C||V^||r,(i)a" 
for all ^ G T,A and all integers n > 1, so by (3.5), 

71+1 

ct^+i^^,s) = (|.| + ||V^||r,(i)) OK) + i;H[/(aM/^)) -/+(/.)] + • 

i=0 

Thus, using the definitions of /, g and % and the fact that x((7"''*'^e(/x), s) = x((T"'''"-'^e((T/x), s) + 
|s| 0(q;"'), we get 

-4foil^) + /i+(/U) + ■ • • + + [5o+(/") + + • • • + 9n+M] 

= {s + ||V^||r,(i)) 0(«") - .s) - ,s[/(e(^)) + /(ae(/x)) + . . . + /K+^e(/.)] 

+ b(e(^)) + <7M/.)) + ...+ffK+ie(/i)] 
= d-"^! + \N^\\r,ii)) 0{a^) - (t>-^{pi, s) - s/„+2(/u) + 5n+2(M) + X(e(/"), «) - xK+' e{a^x), s) . 
Now, fix for a moment n > 1 and jj. as in (3.12), and set rj = a"'~^^e{a{iJ,)). Then we have 
ri = a''+'^e{a{n)) = (...,*,*, /xi, /X2, /^n+i; =£,Hn+3,---) , (3.15) 
and as for one gets 

—71—1 —n—1 

r{xo;v,s) = {\s\ + \\Vv\\r,ii))0{a^)-s ^ [/(a^^) _ /r(xo; 77)] + ^ [g{a'v) - 9^ {xo;v)] ■ 



i=-l 



i=-l 



Prom these estimates and (3.14) one derives that 



n+l 



n+1 



z{xo;fi,s) = sfn+2{iJ) - 9n+2{lJ) - (t> (xq; T/, s) - s ^ (/x) + ^ 5^^^ (/x) + (|s| + || V<^||r,(i) ) ©(a'^ 



i=0 



i=0 



sfn+2{l^) -gn+2{lj) - s c{xo; 1^) + d{xo; i^) + (|s| + \\V(p\\r,(i))0{a'' 



(3.16) 



where 



n+l 



n+l 



-n-1 



n+l 



c(xo;/x) = - ^[/((tS)-/^ {xo;v)]+J2 f^^l^^ ' ^(^o;/x) = - J] [9{<^'v)-9i {xo; 9^ if^) ■ 

i=0 i=0 i=-l i=0 

We will show that 



n+l 



c(xo;m) -^/+(xo;j) 



and 



(3.17) 
(3.18) 



e<-°''^) hiQoifi)) - {Mv)h){xo) < C (||V<^||r,(i) ||/i||r,o + ||/i||r,(i)) 
for some global constant C > 0, where 

^ = V^G (0,1) . 

There exists a unique ray 7(y, <^) issued from a point y = yn{xo; /J,) G Pi in direction Vip{y), 
following the configuration fi for its first n + l reflections and such that if Qi{xo; ^) (1 < i < n + 1) 
are its first n + l reflection points and v is the reflected direction of the trajectory at Qn+i{xQ;j), 
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then xo = Qn+i{xo,i) + tv for some t>0. Set Qn-\-2ixo', fJ-) = xq. Notice that as before the segment 
[Qn+i{xo; fi),Xo] may intersect the interior of Kg (or be tangent to at xq). 

Before we continue, let us make a few simple (however essential) remarks concerning the se- 
quences of points 



Qoifi) G Ti = r^„,Qi(/i) e r^i, . . .,Qn+i{n) g r^„+i,<5n+2(At) g r 



(3.19) 



Qoixo;iJ') G Ti = r^j,,(5i(xo;/u) g r^^, . . . ,(5„+i(xo;/i) g r^„+i, (3n+2(a;o; /") g , (3.20) 



■ , P-n-r.-iiv) er^-„-i ='^^^l,■■■,P-l{v) e r^-i = r^„+i,^o(??) gt 
,^7?_„_i(a;o;??) G 



VQ 



, (3.21) 



+2 



(3.22) 

It is clear that the sequences (3.19) and (3.20) 'start' from the same convex level surface ip = c, 
therefore by Proposition 1 there exist constants C > and a G (0, 1) such that 

WQiif^) - Qi{xo; < C a'^+^-' , 0<i<n + 2. (3.23) 

(Notice that Qn+2{xo;fJ-) = xq ^ Tg, so ||Qn+2(/u) - Qn+2{xo; < diam(i^) < C.) Similarly, the 
right ends of sequences (3.21) and (3.22) determine points on the same unstable manifold of the 
billiard flow <pt, so by Proposition 1 these sequences 'converge backwards', i.e. 

\\Pi{r])-Pi{xo;7j)\\<Ca\'\ , z<0. (3.24) 

On the other hand, notice that the sequences (3.19) and (3.21) continue indefinitely to the right 
following the same patterns. Thus, these sequences 'converge forwards'. More precisely, using 
Proposition 1 again, we have 

WQii^i) - Pi-n-2iri)\\ <Ca' , 1 < i , (3.25) 

Similarly, the sequences (3.20) and (3.22) 'converge forwards' to Qn+2{xo;ij) = PQ{xo\r]) = xq, 
namely 

\\Qi{xo-ii)-Pi-n-2{xo;vi)\\<Ca' , l<i<n + 2, (3.26) 
It now follows from (3.2) and (3.24) that. 



W\v))-9i {xQ-r])\ 



1 



N ■ 



log 



G,,,(P,+i(r?)) 1 
G^,,(P,(r/)) N-l 



log 



Gri,i{Pi+i{xo;ri)) 



<Ca\^ (3.27) 



Gn,i{Pi{xQ;r])) 

for all i < 0. In particular, the second series in (3.5) is absolutely convergent, and by (3.27) and 
Proposition 3, \d{xQ;^)\ < C for some global constant C > 0. 
Next, setting 



ai{xo;n) 



1 



N-l 

and using (3.23) and Proposition 2, one gets 

1 



log 



Gl/Qi{xo;fi)) 



(3.28) 



\ai{xo;iJ.)- gl{n)\ = 



N- 1 



G^_,(Q.+i(xo;^)) , G;AQ^+lip)) 
log ~ ^ log 



^^,.(^.(^0;^^)) 



G;,mf^)) 

< C ||V(p||r,(i) (||Qi(xo;/x)) - Qi(/x))|| + ||4+i(a;o;/u)) - Qm(M))ll) 

< C||V^||r,(i)a"+2-. (3.29) 



for aU i = 0,1,... ,n + 2. 



20 



V. PETKOV AND L. STOYANOV 



Next, notice that by construction ip^^i = (<^r;,-n-2)(/ii,...,/i„_,_2+j) + c for —n — 1 < i < — 1 • Thus, 
by (2.2), (3.2) and (3.25), for ah -n - l'< ^ < -1 we have' " 



|5++2+iU)-5(f^S)l 



A^- 1 



G^,„+2+i('5n+2+i+l(/^)) , G^,i(Pi+i(?7)) 
log -Pk 77, log 



G):,„+2+^(0n+2+i(/x)) ^"'^ G,,,(P,(r?)) 

< C'(l|V<y9(^i,...,^„+2+,) - V((^^_n-2)(/.i,...,^„+2+i)l|r,(l) 

(/.)) - P^+l{r,)\\ + ||Q„+2+.(;")) - P^(r?)||) 

< C II - V(v^,,_._2)||r,(i) a-+2+* + C7a-+2+^ 

< C||V</.||r,(i)a"+'+V (3.30) 
In a similar way (3.26) imphes 

|a„+2+i(xo;/x)-5~(xo;r/)| <C||V(^||r,(i)a"+'+' , -n-l<z<-l. (3.31) 

To prove (3.18), notice that xo((V(^(xo), i^(Qn+i(a^o; lA))) — 1 (^^e Sect. 2 for the choice of the 
function xo), so {A-j{ip)h){xQ) = A(^j(xo) h^Qo^XQ- fx)) . The definition of A^j and Q„+2(a;o;/x) = xq 
give 

n+l 

logA^j(a;o) = log A^j(Q„+2(a;o;/^)) = '^ai{xo;i^) ■ (3.32) 

1=0 

Next, assume for simplicity that n is odd (the other case is similar), and set m = (n + l)/2. 
Using (3.27) - (3.31), we get 

n+l — n— 1 n+l 

logA^j(xo) - (i(xo;//) = ^ai{xo; i^) + ^ [g{a'r]) - g~{xo;ri)] -^g^{i^) 



i=Q 
-n-1 



i=-l 



i=0 



i=—m—l i=0 

n+l — m 

+ X i^ii^O; 1^) - 9i-n-2ixo; r])] + X [5((^*^) - 5n+2+j(M)] 
i=m+l i=—l 

= O(a-) ||V^||r,(i) = 0{d^) ||V<^||r,(i) • (3.33) 

Since by (3.23), 

\h{Qo{xo; /x)) - h{Qo{ii))\ = \\h\\r,i 0(a") , 

the above gives 



(3.34) 



+A<pj(a;o) h{Qo{fi)) - h{Qo{xo; i^) 

^ gmax{(i(a;o;^i),logA^j(a;())} 

\dixo;fi) - log A^j(xo)| ||/i||r,o + ||/i||r,(i) 0(a") 
< C (||V^||r,(i) \\h\\r,o + ||/i||r,(i)) ^" , 



which proves (3.18). 
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Similarly to (3.27) one gets |/(o"*(r/)) — f~{xQ;r])\ < C a'*' , and also 

\ft{^l) - /+(xo;j)| = \\\Q^{^^) - Qi+im - ||Q^(xo;j) - Qm(xo;j)lll < C a^+^-' . 

Combining these two estimates yields (3.17). 

Next, using the notation from the beginning of this proof, notice that for any as in (3.12) 
we have Qi{xQ;i) = Qi{xo; fi) for all i = 0,l...,n + 2 and therefore fl^{xo;}) = ||(5i(xo;/u) — 
Qi+i(xo; /u)|| for all i = 0, 1, . . . , n + 1. (This has been used already in the proof of (3.17).) 

Define the function 

W^^-^'\xo; ; •) = wiy'\xo; •, •) : S+ X C ^ C 

by Ty("'+2)(xo; fi,s)=0 when /Uq / 1 or / ^ and 

^{"+2) s) = gS/n+2(M)-Sn+2(/t)-s y^iQo{xo■,^i))- s J27=o II Q» (^^o {a;o im) II 

xA^j{xo)h{Qo{xo;n)), (3.35) 

whenever fio = 1 and /Xn+2 = where j = J^^'^^Ha*) is defined by (3.12). 
Using (3.8), we can now write 

Uj{xo,-is) 

|j|=n+3,jo=ljn+2=^ 

= (-ir Yl e-"^(<3o(xo;/^))-sErJo'llQ»(^o;M)-Q.+i(^o;/^)ll A^^j(xo)/i(Qo(a:o;;W)) 

cr"+'^ fl=l;,fj,0 = l 

= (-1)" V e-^^"+2(^)+^"+2('^) W^("+2)(xo;//,s) = (-1)" 
This and (3.11) imply 

{L'lMn,s{xa)Qs{xQ)is){0- Y ^j(^o,s) 

in + 2='^ 



-sf+9 



(w^-''+^Hxo;;s)-W^^''+^Hxo;;s))] {0 



(3.36) 



Standard estimates for Ruelle transfer operators yield that there exists a global constant C > 
such that 

"lp_-H < Ce^l^^(^)lePP'^(-^^(^)-^+^) ||//||oo , p>0,seC, (3.37) 



for any continuous function H : S 



C. 



Remark 4. The above estimate can be derived e.g. from |St3) - see the proof of Theorem 
2.2, Case 1, there which uses arguments from [Bo2j (see also the proof of Theorem 2.2 in [PP]). 
More precisely, since f,g G ^^(Ea), where a > is as in Proposition 1, we have f,gG 7"6i(S^), 
where 9 = ^/a e (0,1). Setting u = -Re{s) f + g, v = -Im(s) /, A = eP'"(-^eW /+^), we have 
—sf + g = u + iv, and A > is the maximal eigenvalue of the operator L„ on /"^(Sj^). Let 
h € Te{T,'^) be a positive corresponding eigenfunction, i.e. L^h = Xh. It is then easy to check (see 
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e.g. (2.2) in [St3j) that \\L^ ^^--ff ||oo ^ l^j^ ll-^lloo for any p > and any continuous functions 
H on Sj^. To estimate can use e.g. (3.6) in jStSj - it follows from there that 

\\h\\ 



min h 



where M > 1 is a constant (one can take M = 2 in the situation considered here) and h = 
max{l, lltille}. Clearly, \\u\\e < |Re(s)| ||/||6i + \\g\\e < C(|Re(s)| + 1) and similarly, ||u||oo < 
C(|Re(s)| + 1), so (3.37) follows. 



To use (3.37), we need to estimate 



sup 



Fix for a moment s £ C According to the definitions of and W^^^'^\ it is enough to 

consider n G with /xq = 1 and Hn+2 = ^- For such /j,, using (3.13), (3.16), (3.32), (3.33) and 
(3.35), we have 

|H^("+2)(:eo;/.,s)-H^("+2)(xo;^,s)| 



-h{Qo{xo; fi))\ . 

To estimate (3.38), first notice that by (3.15) and Proposition 1, 

|/(aV)-/(fT*~("+2)r?)| <Ca^ , 0<i<n + 2. 
Using this, (3.24), (3.26) and Proposition 1 again, one gets 



(3.38) 



n+l 



/n+2(^) - X]-/'i^(^0;j) 



i=0 



< C + 



n+l 



/n+2(^) -Yjfti^O;j) 



1=0 



n+l 



< C + ^|/(aV)-/+(2;o;j)| <C, 



(3.39) 



i=0 

for some global constant C > 0. Similarly, it follows from (3.15), (3.29) and (3.30) that 

n+l 



9n+2{fJ') - ^ai(3;o;/i) 



i=0 



< C \\^\\r,{i) ■ 



(3.40) 



Next, notice that 

|g{s+l|V^i|r,(i))0(e") _ i| < ^gC(|ReW| + ||V^||r,(i)) (|^| + || V99||r,(i)) ^ . 
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Using the latter, (3.17), (3.18), (3.39) and (3.40) in (3.38) yields 

< C e^[|I^«(«)l (l+ll^llr.o)+l|V<p||r,(i)] V<,||r,(i))0(e") _ /j(Qo(xo; IJ)) 



< (J gC[|Re(s)| (l+||¥'llr,o)+l|Vv>||r,(i)] 
^(j gC[|Re(s)| {l+|i</p|!r.o)+ll V<pl|r,(i) 



,(^+l|V^||r.(i))0(e") 



|/i(Qo(/x))| 



< CeCm^i^)\(^+Mr,<.My^\\r,w] [d^i + ||V(^||r,(i)) ||/i||r,o + \\h\\r,ii)] ^" • 
Thus, choosing the global constant C > sufficiently large, combining the above with (3.37) gives 



-sf+g 



< CeC[\^e(s)\ (i+||^||r.o)+l|v.,||r,a)] [(|,| + || V(^||r,(i)) \\h\\r,o + ||/i||r,(i)] 



gPr(-Re(s)/+g) ^ 



ra+2 



(3.41) 



Next we have (see for example Ch. 4 in [PP] 



^Pr(-./ + s) 



s=so 



fdu 



fdv = -Co < 0, 



where v is the equilibrium state of (—so/ + g)- Recall that Pr(— so/ + g) =0, so e^^^ Re(s) ^ 
for Re(s) > So. Now assume so — a < Re(s) with some small constant a > 0. Then 

gPr(-Re(s)/+g) ^ ^ ^ ^^(^^ _ j^g^^)) ^ 0((Re(s) - So)^) < 1 + CiO 
for some constant ci > 0. Thus, 

gPr(-Re(s)/+g)^ < 6' + ca 

for some global constant c = ci^ > 0. Combining this with (3.41), completes the proof of (3.6). 

4. Estimates for the derivatives 

In this section we prove Theorem 3(b). Throughout we assume that p>l. 

For any x E T^ close to Xo and any r] € Sa with r]Q = I define the points Pj{x;r]) and the 
functions f~{x;r]), g^{x]r]), (p~ {x;r], s), etc., as in the beginning of Section 3 replacing the point 
xq by x. We will assume that the segment [P_i(xo; f?), xo] has no common points with the interior 
of Kg and x is close enough to xq so that the same holds with xq replaced by x. 

By Proposition 4 in Appendix A below there exists a unique phase function ipr) (also depending 
on xo) defined in a neighborhood U of xo in Ti, such that iprj{xo) = and the backward trajectory 
7_(x, Viprjix)) of any point x G U with i^nix) = has an itinerary (. . . , r/_^, . . . , ry-i, ryo), that is 

\\Po{x]'n) - P_i(x;r/)|| 

for any x G C^^ Pi U . (Notice that in general V'?? is different from the functions defined in the 
beginning of Sect. 3.) For any f < 0, denoting J = (r?i, . . . , r/_i, r/o), we can write ijjr) = {ipr],i)j 
for some phase function ipf^^i (defined on some naturally defined open subset V^^jof M^) satisfying 
Ikawa's condition (V) on F^.. We then have Pi{x;rj) = X^'^{x,'V{ipri,i)j) ■ As in the beginning 
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of Sect. 3 (see (3.2) there) one derives that there exists a global constant Cp > such that 

ll^»],i||(p)(H;,i ^ -^o) < Cp for all rj and i < 0. Using (2.4) in Proposition 2 with ip = ipr),m for some 
m> i and replacing Cp with a larger global constant if necessary, we get 

\\Pi{-,r,)\\r,p{x)<Cpa\'\ , i<0. (4.1) 
Similarly, for any /j, G with /xq = and /U„+2 = k we have 

||Qi(-;r?)||r,p(x)< Cpa"+2-i , 0<z<n + 2, (4.2) 

and 

\\Qi{-,fi)-Pi-n-2{-;ri)\\r,p{x)<Cpa' , 0<i<n + 2. (4.3) 
Next, recall the function A<^ from the beginning of this section. By Proposition 2, 

\\V^j\\r,p<Cp\\Vcp\\r,^p) (4.4) 

for any finite admissible configuration J. 

Since for any i < we have g~ {x]rj) = log - {Pij^i{x; rf)) , it follows from (4.1)-(4.3) and 
Proposition 3 that for any p > 1 there exists a global constant Cp > such that 

\\gi{-,v)\\rA^)<Cpa\'\ , i<0. (4.5) 

Similarly, according to (3.28) and Proposition 2, 

\\di{■■^i)\\pix)<Cp\\Vip\\^,(p)a''+^-' , 0<i<n + 2, (4.6) 

and as in the proof of (3.31) one gets, 

||ai(-;M)-5r-n-2(-;r?)||p(x)<Cp||V¥.||r,(p+i)a' , 0<i<n + 2. (4.7) 

Next, given x as above, /x and n with ;Un+2 = e, define VF("+2)(x; /x, s) by (3.10), r/ by (3.15) 
and VF("+2)(a;;/i, s) by (3.35) replacing xq by x. We will estimate the derivatives of 

(x; /X, s) - (x; s) 

with respect to x. 

First look at the first derivatives D^[W^''+'^\-; fj,, s)-W^("+2)(-; fj,, s)]{x), where v G 5^r. Writing 
(l)~{x;r],s) = —s (f)'^ {x;r]) + ^2 ^) ) where 

—00 —00 
<l>iixo;r)) = ^[f{a\r])) - f~{xo;r))] , 02 (^0, ??) = XI [^*^^**^^)) ^ ^^(^o; ??)] , 

i=-l i=-l 
notice that for any x,x' G (close to xq) we have 

so Dy{4>];{-,ri)){x) = D-aitpnix)). Therefore by (3.14) 

—00 

D^z{-,n,s){x) = -sD^il)r,{x) + X Dy{gr{--r})){x) . (4.8) 

i=-l 

Next, using the notation j = (/^o, /^i, /U25 • • • , /Un+2) and 

Z{x\ fi, S) = s/n+2(/x) - 5n+2(M) " « (¥'Mo)j(a^) ' 
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it follows from (3.38) that 

fi, s) - ^^(^^ 
= e^(^;M,«)-^¥'(Qo{^.)) h{Qo{fi)) - e^"^^''^'^) A^j(Q„+2(x; //)) /i(Qo(x; //)) 
= (7)(x) + (/7)(x), (4.9) 

where 

(J)(x) = [e^(=^;'*''5)-*¥'(<3o(M)) _ e^(^;M,s)+logA^j(Q„+2(x;;i))j ^^g^^^^^ ^ 

and 

(//)(x) = e^^-''^'^) A^j(Q„+2(a:;Ai)) [/i(Qo(^)) - HQoix; ^))] . 
Let O be a small compact connected neighborhood of x in T. Fix temporarily /x, s, ra and ?7 
with (3.15), and set 

A{y) = z{y; fi, s) - s ip{Qo{fi)) , B(y) = z(x;^, s) + log A^j(Q„+2(a;;//)) , ?/ G O • 
To estimate (I) first notice that by the estimates in Sect. 3, 

P||o(0) = 0(1^1 + 1^1 ||¥p||r,o + ||Vv^||r,(i)), 

and 

|e^|ro(C) < Ce'^[l^^(*)l(^+ll^llr.o)+ll^¥'llr,(i)l . (4.10) 

It follows from (4.6) and (3.40) that |^„+2(/^)| < C ||V(/?||r,(i)- Combining this with the definition 
of z{x; iJ., s) and (3.39) implies 

||z(-;/x, s)UO) = 0{\s\ + \s\ Mr,o + ||V<^||r,(i)) , \\BUO) = 0{\s\ + |.| ||^||r,o + ||V<^||r,(i)) ■ 

Next, we will estimate the derivatives of A and B. For any g > 1 and any y e O, using (4.8), 
(2.1) and (4.5), we get 

—00 

\\A\\r,M = \\s<p^{-,rj)-<p^i-,rj)\\r,g{y) < \s\\\V^jT,g{y) + Yl hi {■■,v)\\rAy) 

i=-l 

< \S\ Cq + Cq ^ ^1 (1^1 + 1) • (4-11) 

i=-l 

Thus, for any g > 0, 

||e^||r,,(0) < C,||e^||r,o(0)(max p||r,i(0))« 

l<i<q 

< Cg e*^ (l+l¥'lr,o)+ll Vvp||r,(i)] (1^1 + 1)9 . 

Similarly, (4.4) gives 

P(-;^,s)||r,g(y) = Ik (^w)jllr,5(y) < Cg\s\ ||V^||r,(g) , 
while (3.31) and (4.6) imply 

n+l 

l|logAv',j(-)l|r,g(y) < J^||ai(-;/i)||r,g(2/) < CJ|Vv^||r,(g) 

1=0 

for any g > 0, so 

||S||r,,(2/)<C,(|s| + l)||V^||r,(,) , yeO. 
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The next step is to estimate the derivatives of A — B. First notice that by Proposition 2 and 
(2.1) we have 

WV^r, - V((p^o)j||r,,(0) < Cga'^ II Wr, - V(^;.J|r,(,) < C.a'^ ||V(^||r,(q) • 

Set again m = assuming for simphcity that n is odd, and 9 = ^/a G (0, 1). As in the proof 
of (3.18) above, for any y G O and any g > 1, using (4.5), (4.6) and (4.7), we have 



— oo n+1 
i=-l i=0 



\A-B\\r,giy) < 

< |s| IIV't? - (</^Mo)j||r,</(y) + Il5»"(-;??)||r,g(y) 



iy) 



i=—m—l 
m n+1 

+ Y\\ai{-,fJ')\\r,q{y)+ Yl -ffil„-2(-;?7)||r,<?(y) 

i=0 i=m+l 

< C,(|s|||V¥.||r,(,) + ||V<^||r,(,+i))^V 
From Sect. 3, a similar estimate holds for q = 0. Consequently, 

||e^-^||r,g(0) < C,||e^-^||o(0)(max ||5-A||r,i(0))'' 

< c,e^(|l^^(^)l+ll^'^llr.(i)) (|,| ||V<^||r,(,) + ||V<^||r,(,+i))^^"^ • 
Finally, as in the estimate just after (3.40), it follows that 

||e^-^ - l||o(0) < Ce^(l^^(*)l+ll^^llr.(i)) (|s| + ||V(^||r,(i)) ^ . 
The above, (4.10) and (4.11) imply that for any q> 1, 

WmUO) < C, \\hUT) e^[|Re(.)|(H-Mr.o)+l|VH|r,,)] (|,| + || Vv.||r,(,+i))'' ^ . 

Using similar estimates, for any q>l one gets 

q-l 

\{II)\T,q{0) < C,a"e^[I^^WI(^+ll^llr.o)+ll^^llr.a)] X(|s| + l)'-+i (||V(^||r,(.)r+' ll^llr,,-r(0) ■ 

r=0 

It now follows from (4.9) and the estimates for (/) and (//) found above that for any p > 1 we 
have 

\\w(-+'\.;f,,s)-W^-+'\.;f,,s)\\r,(,){0) 
< c,^"e^[|i^^(^)l(^+ll<^llr.o)+IIVv^llr,a)] X ^ [|.| ||V^||r,(.) + ||V^||r,(.+i)]^^' ll^l|r,,-.(0) • 

r=0 

Combining this with (3.6), (3.36) and the argument from the end of Sect. 3 completes the proof of 
Theorem 3. ■ 
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5. Estimates for woj{x,s) 
Our purpose in this section is to prove that the series 

oo 

^="-j |j|=rt+3,i„+2=j 

is convergent and that wqj^XjS) is an analytic function for s G Pi with values in C°°{Tj). Since 
we deal with initial data m{x, s) = ui{x, s) on Fi we set ni = —2 and nj = —1, j = 2, kq. By 
Theorem 3, it is clear that the problem is reduced to the convergence of the series 

oo 

Y,iL':Ms{x)gv)s{c), X E r,-. 

n=0 



Throughout this and the following sections we will use the notation 



Ep{s,ip,h) 



„C,[|Re(s)|(l+||^||r,o) + ||VHIr,(i)] ^P^^(^|5|||V^||r^^. + ||V(^||r,,+l 



i+i, 



\r,p-j i/p > 1, 



^^gCp[|Re(s)|(l+||v>||r,o)+||Vvp||r.(i)] 



l|V(^||r,{i) l|/i||r,o + ||/i||r,{i) i/p = 0, 



where as before by Cp we denote positive global constants depending on p which may change from 
line to line. 

First we will establish for (Tq < Re(s) < 1 the inequality 

WL^MnA-) - Lr^^n-iA-)Ls\\r,p < CpEp{s,^,h)9'', (5.1) 

where Lg = —L_^j^~ and (Tq < sq. The precise choice of o"o depends on the estimates (3.3) and 
will be discussed below. For this purpose we write 



L^Mn,s - L^-'Mn-i,sLs)w{C) = -L^+' [y (") (x; s, /x) - (x; s, /x)! (0, 



where 

y(")(x;.,M) = exp(-0-(x;a"+ie(/.),s)-x(^"+'e(^),s))u;(^), 

y("^(x; s, fi) = exp(^-(/»"(x; cr"e(cr/i), s) - x(o-"e(cr^), s)^ 'u;(/i). 
The inequality (|5.ip follows from the estimates 

r{x;c7^^'e{0,s)-rix;c7''e{a{0),s) < CpEp{s,^,h)e'' , (5.2) 

|x(a"+ie(e), s) - x(a"e(a(0), s)\ < C{1 + \s\)9^ (5.3) 

and the form of the operators M.n,s{^)- "^^^ estimate (|5.3p is a consequence of the choice of Xi;X2 
and the fact that f,g£ Tg{T,A)- To prove (|5.2p . notice that 



E [/K^'^^^O) - /K+^e(a(0))] 



i=-l 



and similar estimates hold for the function g. The terms involving / and g are independent on x 
and they are not important for the estimates of the derivatives. To deal with the terms depending 
on X, recall that 

(j)" (x; rj) = -s(j)^ (x; rj) + cf)^ (x; r]) 
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with Dy{(j)^ (.; r]){x) = Dj;{'ip^{x)). Here and below we use the notation of the previous section. On 
the other hand, 

\N'iPa"+-^e(fM){x) - VV'<x"e{a(M))(a^)llr,p < CpO". (5.4) 

In fact, the backward trajectories 7_ (x, Vipa"+'^e{fi) i^)) and 7_ (x, VV'cr"e((T(^)) i^)) fohow an itinerary 
/U„, . . . , /Ui) and we can apply Proposition 2. Now we repeat the argument used in the 
previous section for the estimate of ||A — -B||r,p- Set m = and assume for simplicity that n is 
odd. For fixed n we set r/ = (T"~^^e(/i), f/ = a^e{a{fj,)). The estimate of 

\\(t>T{x;v) - (t>T{x;v)\\r,p 

follows from (15.41). Next we write 



-oo — oo 



Yl [9t ^) - 9^ {x; v)) = Yj \3i ^) ~ 3i {x; v) 

i=~l i=—m—l 
n+1 n+l 

+ Y i97-n^2ix;v) - aiix;n)) - ^ (fifil„_2(x, ??) - ai(x; ^)). 

j=m+l i=m+l 

The ||.||r,p norms of the sums from i = m + lton + l can be estimated as in Section 4 by using 
(4.7) since 

V = 0""^^e(/i) = (...,*, *,fJ,o,fJ,i, . . . = i,fJ'n+2, ■ ■ ■), 

fj = a'^eiai^x)) = {...,*,*, ... , = i, /x„+2, • • 

and 

n+l n+l 

Yl \\97-n-2i^'V) -ai{x;fi))\\r,p< Y ' 

i=m+l i=m+l 
n+l n+l 

Y \\97-n-2i^'^v) - ai{x;n))\\r,p < Y • 

j=m+l i=m+l 

To estimate the sums from i = —m — 1 to — oo we apply (4.5) and this completes the proof of (|5.ip . 
From the representation 

n 
k=l 

we get 

oo oo n 

n=l n=l k=l 

Since sq ^ is the abscissa of absolute convergence, for Re(s) > sq we have Pr(— Re(s)/ + ^) < 
and ||L" ||oo < 1, Vn. Consequently, the double sum in the right hand side is absolutely convergent 
for Re(s) > sq and we can change the order of summation. Applying Fubini's theorem, we are 
going to examine 

oo oo 

Y L'lMn,sQsVs = [Mo,s + Qs) Y ^"sQsVs, (5.5) 
n=0 n=0 
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where 

oo 
k=l 

According to ()5.ip . the series defining Qg is absolutely convergent for o"o < Re(s) < 1 and 

||Qs||r,p < CpEp{s,ip,h). 

Consequently, the problem of the analytic continuation of the left hand side of (I5.5P for Re(s) < sq 
is reduced to that of the series X^^o ^^'^s-.Ws = QsVs- 

The analysis of X^^o ^I'^s is based on Dolgopyat type estimates (3.3) and we must show that 
Wg = hg o ^ with some hg G clf^ {Kqk) (see Appendix C for the definition of the map ^ and the 
space clf^ {Kqk))- This assertion is proved in Appendix C, where we show that for |Re(s)| < a we 
have ||/is||Lip,t ^ Co with Co independent on s. Thus for s = r + it, do < r < 1, \t\ > 2, we get 

oo oo [log|t|]-l 

n=0 p=0 1=0 

[\og\t\]-l 
CCq ,Pr(-r/+g) 
- l_p[log|t|] 

^ 1=0 

< C7imax{log|t|, 

On the other hand, for ctq sufficiently close to sq we have Pr(— do/ + g) = l3o < 1. Combining this 
with the estimate for Qg, we conclude that for o"o < Re(s) and \t\ > 2 we have 



\/_^ " ' r,o 



n=0 



The analysis in Sect. 5 of [II] implies that the series defining u;oj(ic, s) is absolutely convergent 
for X G Fj, Re(s) > sq + > so and we have 

lko,i(2;,s)||rj,o < Cj-rf, Re(s) > sq + (i. (5.6) 

On the other hand, the analytic continuation of the series Y^=o ^^^n,sQs established above and 
Theorem 3(a) with a sufficiently small e = sq — Re(s) > guarantee an analytic continuation of 
t(;oj(x, s) for x G Fj, Re(s) > (Tq, |Im(s)| > 2 with ctq = sq — e. Applying Theorem 3(a) once more 
for s = ctq + it, we get the estimate 

lko,i(x,cTo + it)||r,,o < Dj\t\^^f^\ 
The same argument works for all ^ = 1, and we get the same estimate for 

oo 

wo,i{x,s)=^ E 'Uj(x,s), X G F^. 

Clearly, we can choose < < 1 independent of ^ = 1 , . . . , • 
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Now we will obtain C^(rj) estimates for wqj{x,s). To examine the regularity of the functions 
woj{x, s) on Tj, set 

Un+2,jix,s)= ^ 

|j|=n+3j„+2=i 

We start with an estimate of the CP{Tj) norms of Un+2,j{x, s)\-^ . For this purpose, applying 

Theorem 3(b) with p > 1, we must estimate the norms \\L^M.n,s{-)'Ws\\rj,p, where Wg = Gs^s and 
L" are independent of x G F. We write 



k=l 



+ {L':Mk,s-L';-^Mk-i,sLs)L^-''ws = Bo + Bi + B2, 

fc=m+l 

where m = [n/2]. For the term Bq, we use the estimate (I5.6P with < p < 1 combined with 
ll^s||Lip,t < Co and we get 

\\Bo\\r„p < Cp\lm{s)\^'Ep{s,^,h)p''. 

For the term Bi we have 

m 

||i?i||r,,p < C;|Im(s)|^oi?p(s,(/p,/i)^0V™ < C'^\lm{s)\^^^Ep{s,ip,h){^r. 

k=l 

Finally, for B2 we obtain 

n 

\\B2\\T,,p<Dp\lm{s)f^Ep{s,ip,h) J2 0'' <D'p\Ms)f''Ep{s,ip,h)d^+\ 

k=m+l 

So, changing 9 by another global constant < 6' < 1, 9 > max{y^, V9}, we arrange an estimate 

\\L^Mn,s\\T„p < Bp\lm{s)f'^Ep{s,ip,h)r. 

Thus, with global constants Cp, Dp we deduce 

||C/„+2,,(x,s)||r„p < Cp\lm{s)\'''Ep{s,ip,h){9^ + 9") < Dp\lm{s)f»Ep{s,ip,h)9^yn e N. (5.7) 

Consequently, the series woj{x,s) is convergent in C^(Tj) norm and for do < r < sq + 1 we have 
the estimates 

\\wo,j{x, T + it)||r„p < Bp\tf°Ep{s, h), p>l, (5.8) 
where the constants Bp are independent of j. Summing over i = 1,. . . ,kq, we obtain the same 
estimate for ||^i;o(^)''" + iOllr,p and for Re(s) > o"o the trace wo{x,s) is an analytic function in s 
with values in C°°(r). 

It is interesting to observe that contracting the domain o"o < Re(s) < sq + 1 we may obtain 
better bounds for the C^(r) norms. For example, we treat below the case p = and the same 
argument works for p > 1. In the domain ao < Re(s) < sq + d, d > 0, Im(s) > 2, we apply the 
Phragmen-Lindelof theorem (see 5.65 in [T])- Notice that when we decrease d > the constant 
Cj,d in ()5.6p change but we always have the bound ()5.6p . Consequently, ior ao < t < sq + d we 
deduce 

\\wojix,T + it)\\r^^o<B\t\''^^\ t>2, 
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where k{x) is a linear function such that 

K{ao) = 1 + /3o , k{so + d) = 0. 

It is clear that choosing d > small enough, there exist a'^ with o-q < o"o < sq and < /3 < 1 so 
that for r > do we have 

\\woj{x,T + it)\\r^^o<Aj\t\^, t>2, 
and similarly we treat the case t < —2. Finally, for r > ctq, |t| > 2 we have 

\\woj{x,r + it)\\r^,o < (5.9) 
Here the constants Aj depend on the norms of Vip and h. 

Remark 5. In the following we will not use the estimate (j5.9p . however a similar argument based 
on Phragmen-Lindelof theorem will be crucial in Section 7, where we need to control the behavior of 
the remainder Qa/(x, s; k) and its bounds when |Im(s)| — t- oo. On the other hand, (j5.9p is related to 
the assumption (|1.6p of Ikawa mentioned in the Introduction. The estimate (jl.6p can be established 
choosing (Tq < sq close to sq and applying (3.3). This is not necessary for our exposition and we 
leave the details to the reader. 

6. The leading term V'^'^\x,s;k) 

Our purpose here is to apply the construction in Section 3 with boundary data 

m{x, s; k) = e''=^(^)6(x, s; k), x G T^, 

where k >1 and s G Pq = {s G C : ctq < Re(s) < 1, |Im s| > J > 0}, with some constant J which 
be chosen below. We suppose that there exists a phase function (p{x) satisfying the condition {V) 
in Tj such that (p{x)\yj = i^i^) for x G supp^, b{x,s;k). The amplitude b{x,s;k) is analytic with 
respect to s £ Vq and |J^ ^ supp^. b cTj, 

\\bix,s;k)\\r^^p < Cp, Vfe > 1, s G Pq, Vp G N. 

In the following we will use the notation (z) = (1 + \z\). For our construction it is convenient to 
write the oscillatory data m(x, s; k) with phase e~^'^^^^ and we set 

m(x, s; k) = e-^V'We(^+i'=)'/'(^)6(x, s; k) = e-'^^^'^iix, s; k). 

Then 

\\bi{x,s-k)\\r^,p<C'p{s + ikY,Mp£n. 

Notice that our data depends on two parameters s G Pq ^-nd k > \. The complex parameter 
s will be related to the convergence of the series WQ^j{x^ s]k) constructed in Sect. 5 starting 
with initial data m{x,s;k), while the real parameter k is connected with the oscillatory data 
G(x)e'^^^'''^ lygFj ) 1^1 < 1 — <5i/2 < 1, coming from a Fourier transform (see Sect. 8). It is important 
to note that up to the end of Sect. 7 the parameters s and k will not be related and the estimates 
obtained depend on expressions of the form (s + ifc)^. After the application of Phragmen-Lindelof 
argument at the end of Sect. 7, we take |s + < Const in order to get bounds by powers of k. We 
consider amplitudes 6(x, s; k) depending on s and k to cover higher order approximations in Sect. 
7. Starting with boundary data e~^'^bi and following the procedure in Sects. 3-5, we can justify 
the convergence of the series woj{x, s; k) which are analytic for s G T>o- 
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Now we will discuss the domain where the parameter s is running. For Im(z) < we define the 
resolvent {—Ak — z'^)~^ of the Dirichlet Laplacian —Ak related to K by the spectral calculus and 
we get 

C 

\\{-Ak - z'^)-^\\L2^n)^LHn) < J^\^i^^y M^) < 0. 

The cut-ofF resolvent ip^—Ax — z'^)~^ip, ip G CQ°(il), has a meromorphic continuation in C for N 
odd and in C \ iM"*" for even. This resolvent is called outgoing. Setting z = —is, we obtain 
an outgoing resolvent (A^^ — s^)~^ which is a bounded operator in L^(r2) for Re(s) > and the 
analytic singularities of ^p{AK — are included in Re(s) < 0. Set Qj = \ Kj and suppose 

that K C {x £ : |x| < po}. Since the real parameter A; > 1 is positive, we assume in this and 
in the following sections that Im(s) < 0. To treat the case Im(s) > 0, we must take k < —1 and 
repeat the argument. For our analysis it is more convenient to consider the outgoing resolvent TZ{s) 
acting on functions / G -ff^(r) defined for s outside the set of resonances (and also for s ^ iM+ for 
N even). More precisely, given / G H^{^) we define TZ{s)f = v{x,s), where v{x,s) is the unique 
outgoing solution of the problem 

f(A - s^)v = 0, xen, 
\v\r = f- 

Here outgoing means that 

A^ — 1 

v{r9) = r ~ e"'^''' {w{6) + o(l)), drV + sv = o(l)u, r — > +oo 

uniformly with respect to G S^~^ with some w G C°^(S^~^). This condition is equivalent to 

^^l|x|>Pi = (5o(s)^^)||,|>^^ (6.1) 

for some pi » po and a compactly supported (in a compact set independent of s) function n, 
where 

Sois) = (A - s'r' : LL^p(M^) FL(M^) 

is the outgoing resolvent of the Laplacian in M^. If we replace above K by the strictly convex 
obstacle Kj, we can choose J > 2 so that the outgoing resolvents 

TZjis) : HP+\Tj) ^ RP+^Qj n {|x| < R}), p G N 

are analytic (see [V], [H]) for 

seVo = {s£C: do < Re{s) < 1, |Im(s)| > J}. 

and Wj = TZj{s)f is outgoing solution of the problem 

{(A - s'^)wj = 0, X 

Moreover, for s G T>o we have the estimate 

\\'^j{s)f\\HP+Hn,n{\x\<R}) < Ci?,p(5)^"^^ll/lbf+2(r,), j = 1> i^o , (6-2) 
with some constant Cr^p > 0. The above estimate was established for p = in Proposition A. II. 2 
in [Gj. For the sake of completeness we give the argument for p > 1. Let x ^ C^(M^) be a cut-ofF 
function such that x(^) = 1 for |x| < R and xi^) = 1 foi" \x\ > R+ 1. Set Wj = TZj{s)f and observe 
that 

A{xwj) = 2<Vx, ^Wj > +s^XWj + Hx)w3 = 
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The function x'Wj is a solution of the Dirichlet problem in ujji = {\x\ < R + l)r]il.j and the standard 
estimates for boundary problems imply 

WXWjWh^uJr) < CR,2(\\Fj\\L2(^^) + ||/||//3/2(r^,)). 

To estimate ||x^illL2(cjfl); write Wj = e(f) — (Aj^-^. — s^)~^(A — s^)e(/), where e(/) is extension 

operator from H'^iTj) to i?c/mp(w_R-i). This implies \\xwj\\L2(ujii) < -^/{(s) ||/||H2(r^), since for 
strictly convex obstacles we have (see for instance, Chapter X in [V]) 

In the same way one estimates || A(x)tfj||j;^2((^^) by using another cut-off, and applying (j6.2|) for 
p = we obtain this estimate for p = 1. The general case can be considered by using an inductive 
argument. More precise estimates than (16. 2p can be obtained following a construction of outgoing 
parametrix for the Dirichlet problem outside Kj (see Appendix II in jG|). 

Finally, notice that for v with supp v C {|x| < R} we have the estimates (see jVj) 

\\So{s)v\\hp+i(\x\<r) < Cr^p\\v\\hp(\x\<r), P e N, s GVq. (6.3) 

For our construction we need to introduce some pseudodifferential operators depending on the 
parameter s G Pq- For this purpose we will use the notation and the results in Appendices A.I, 
II in [G] (see also [SVj . Appendix). Given a set X G R^~^, we denote by C°°{X) the space 
of the functions u{x,s), s S Vq, such that u{.,s) G C°°(X) and p{u{.,s)) = 0{{s)~°") for all 
seminorms p in C°°(X). In a similar way we define distributions D'[X). Next, given two open sets 
X C M^-\y C M^-\ consider the spaces of symbols a{x, y, -q, s) G {X x 1") such that for 
every compact U C X x y, all multiindices a,/],^ and s £ Vq we have 

sup \d^d^d'^a{x,y,rj,s)\ < C7„,^,^,[/|5|'+^l^l+''l"+''l (1 + |r/|)"^-l^l. 

Consider the pseudodifferential operator Op{a) € V^j{X) defined by 

{Op{a)u){x,s) = (^-^ j e~''^^-y''^^a{x,y,7],s)uiy,s)dydr], 

where the support of a{x,y,ri,s) G S^g{X x Y) with respect to {y,ri) is uniformly bounded for 

s £ Vq and a{x,y,r], s) is analytic for s £ Vq. The operator Op{a) maps C^{Y) into C°°{X). 
Below we will take Y = Tj and the symbols a(x, y, r/, s) will have compact supports with respect 
to {y,ri). Moreover, we will work with symbols in ^^q'. We say that Op{a) is properly supported 
if the kernel K{x,y,s) of Op{a) is properly supported uniformly with respect to s. Recall that 
i^(x, y, s) is properly supported if both projections from the support of K{x, y, s) to X and Y are 
proper maps (see Definition 18.1.21 in [H]). We refer to Appendix A. I in [G] for the properties of 
pseudodifferential operators depending on s. Notice that a properly supported pseudodifferential 
operator Op{a) can be defined also by a symbol a(x, ??, s). A properly supported pseudodifferential 
operator Op{a) is called elliptic at (xo,?7o) G T*[X) if a{x,ri,s) satisfies the estimate 

\a{x,r],s)\ > C{s)P, p > 0, {x,r]) E V, s G Pq, 

V being a neighborhood of {xq,7]q) independent of s. 
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Next, consider Fourier integral operators with real phase function (p{x, rf) and complex param- 
eter s G T)q having the form 

I{u){x,s) = I e-''^^^^''^^-<y'^'>^a{x,y,v,s)u{y,s)dydr,, 

where as above the support of a(x, y, t], s) G S^^\x x Y) with respect to {y, rj) is uniformly bounded 
for s G T>o and a{x, y, r], s) is analytic for s G Pq- For example, the local parametrix constructed in 
the hyperbolic region defined below is a Fourier integral operator in this form. 

To examine the asymptotic behavior with respect to the parameter s we will use the frequency 
set WF{u) introduced in [G] (see also |GS| . |SV| ) (The notation WF{u) is used to avoid the 
confusion with the wave front set WF{u) of a distribution). We recall the definition of WF{u) 
only for the so called finite points {x,r]) G T*{X), since this is sufficient for our argument. Let 
u{x, s) G V'{X) be a distribution depending on the parameter s so that for every compact X' C X 
there exists M such that u{x,s)\x' G H~^{X') and ||it(-, < Cm{s)~^ ■ We say that 

(xo,??o) G T*{X) is not in WF{u) if there exists Op{a) G L^'^(X), p + (5 < 1, properly supported 
and elliptic at (xo,?7o) such that for every compact U <Z X we have 

\\{Op{a)u){x,s)\\c,(^U) < Cu,M,M'^'^ Vj G N, VM G N, s G Vq. 

lilA is a neighborhood of K and if the distribution kernel Q(x, y, s) of an operator Q{s) : C°°{T) — > 
C°°{U\K) belongs to C°°{U\K x F), we will say briefiy that Q{s)u is a negligible term. The terms 
having behavior 0{{s)~^'^) with large M will also be called negligible. It is important to note that 
a series of negligible terms in general is not negligible, and one needs to have uniform estimates 
with respect to s of the terms of the series to conclude that such a series is negligible. 

6.1. Construction of the operators Ph,Pg,Pe- In the analysis below we fix j G {!,..., kq}- 

Consider the hyperbolic, glancing and elliptic sets on T*{Tj) defined respectively by 

n = {{y,r^) G r*(F,) : |r?| < 1}, ^ = {(y,7?) G T*(F,) : |r?| = 1}, 
£ = {iy,r^)GT*{T,): |r?| > 1}, 
where (y, r]) are local coordinates in T*{Tj). Let xo G C^{T*(Tj)) be a function such that < xo < 
1 and Xo{y,i]) = in a small neighborhood Go of ^ U £, while XoiUiV) = 1 fo^ (?/5^) ^ G*!, Gi C 
T*(Fj) \Go cH. Choosing a finite covering of Fj, we may suppose that in local coordinates (y,r/) 
we have Xoiu^ r?) = 1 for y G Fj, < 1 — 5i, where ^yl — Sq < 1 — (5i < 1 and (5o G (0, 1) is a global 
constant chosen as in Lemma 1 (see Sect. 2). Thus if a ray 'jin issued from VJ^^jKi meets Tj at 
y G Tj with direction ^ G S''^"^ so that Xo{y^i\Ty{v.j)) 7^ !> then the reflected or diffractive outgoing 
ray ^out issued from (y,^ — 2{^,u{y))u{y)) does not meet a neighborhood of \Jy^jKy depending 
only on 5q. 

Consider a finite partition of unity of the set supp(xo) C % and, as in [GJ, a finite partition of 
unity of psedodifferential operators to localize the construction. Let (yo,??o) G supp(xo) C % and 
let xiu^v) £ C'q°(T*(Fj)), < xiViV) < 1, be a function such that x = 1 in a neighborhood of 
ivOyVo)- Let Uj be small neighborhood of Kj and let Uj = Uj \ Kj. Let F^ C Tj be the projection 
of supp x{x,rTi) on Tj. 

We will omit again the dependence on k in the notation if the context is clear. Given boundary 
data u{y,.s), in the hyperbolic region we construct an outgoing parametrix Hh,x '■ C^^iT^) — > 
C°°{Uj) of the form 
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{Hh,x^){x,s) = (^^^ j e '''^ ^^'''v ^a^{x,y,r])s ''u{y,s)dydr]. 

We have 

(A^ - s^){Hh,^u){x,s) = {-sy^'^AM{s)u, X £ Uj, 
where 

Am{s)u = (^) "^"^ I e-^(^(-'^)-<?^''?)) (A,. - s') (aM(x, y, v)) n{y, s)dydrj. 

The construction of -ff/i,^ is given in Appendix A. II. 2 in \G\. Here the phase ip{x,r]) satisfies the 
equation 

|V^VP = 1, ^Iej ={x,v), (x,r?) close to(yo,??o)- 
The amphtudes ay{x,y,r]) are determined from the transport equations with initial data 

Notice that Ojy depend only on xiu^v) ^-iid the integration in Hh^^u is over a compact domain with 
respect to y and r/, so for s G Pq the integral is well defined. Applying a finite partition of unity, 
we construct an outgoing parametrix : C^iVj) — > C°°{ly(j) such that 

(A,. - s^){Hhu){x, s) = {-sr^'BM{s)u, xeUj, 
{Hhu){x,s)\ = Op{xo)u, 

where the operator Bm{s) is analytic with respect to s and satisfies the estimates 

\\Bm{s)u\\hp(u^) < Cp|s|P+^||n||o,r,, Vp G N 

with some global constants. Let ^(x) G C^{Uj) be a cut-off function such that ^{x) = 1 in a 
small neighborhood of Kj. Then we obtain 

(A,. - s^)[^Hhu] = s-^'^Bm{s)u + [A, ^]HhU, x G Uj. 

and we define the outgoing parametrix 

{Phu){x,s) = ^Hhu- So{s)(^s-^^^BM{s)u+[A,^]Hhuy x G Qj. 

Thus we get 

'{A^- s^){Phu){x,s) =0, xG nj, seVo, 
< iPhu)i., s) G L2(^) if Re(s) > 0, 
{Phu){x,s)L^ = Op{xo)u + Qh{s)u, 

where for large M we obtain a negligible operator Q/i(s) coming from the trace of the action of 
So{s). Here we use the fact that the frequency set of So{s)w is given by the outgoing rays issued 
from WF{w) and the outgoing rays issued from [A, '^]HhU do not meet Tj. Notice that the oper- 
ator Ph depends analytically on s. 

Next, let xi{x,i]) + X2ix, rj) = 1 — Xo{x,i]), where xiixji]) S C^{T*{Tj)) is a function with 
support in {(x,??) : 1 — < 1 — 2eo < |^| < 1 + 2eo}i while X2{x,i]) G C'^{T*(Tj)) has support in 
{(x,r/) : |?/| > 1 + eo}) Co > being small enough. In the glancing region following the construction 
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in Appendix A. II. 3 in and Appendix A. 3 in |SVj ). we construct an outgoing parametrix Hg 
such that 

'(A, - s^){Hgu) = s~^^Bg{s)u, X e Uj, 
< {Hgu){.,s) £ L^inj) if Re(s) > 0, 
^Hgulr^ = Op{xi)u + s-^^B'g{s)u , 

where Bg{s) and B'g{s) are Fourier- Airy operators with complex parameter. The only difference 
with the construction in [GJ is that we have s^^^ Bg{s) and s~^^ B'g{s) instead of operators with 

kernel in C^iUj x Tj) and C^iVj x Tj), respectively. For this purpose, as in the hyperbolic case, 
we use a finite sum of amplitudes instead of an asymptotic infinite sum of symbols. The advantage 
is that our parametrix Hg, as well Bg{s) and B'g{s), depend analytically on s. Now define 

{Pgu){x,s) = "iiHgU - So{s)(^s'^'^'^Bg{s)u + [A,'^]HgU^ , X E 

In the elliptic region the construction of a parametrix in Appendix A. II. 4, [G] is given by 
a Fourier integral operator with parameter A with complex phase. When A is complex, there are 
some difficulties to justify this construction (see Appendix A. 4 in |S Vj ) . For this reason in the 

elliptic region we introduce PgU = TZj{s)(^Op{x2)u^ keeping the analytic dependence on s. 

Thus setting Sj{s) = + Pg + Pe, we have 

' {A^ - s'^){Sj{s)u){x,s) =0, X E ^Ij, s E Po, 
< {Sj{s)u){.,s) E L2(%) if Re(s) > 0, 
(5j(s)n)(a;, s)|p^ =u + Qj{s)u 

where for large M the operator Qj{s) is negligible. 

Our strategy is to apply the above construction to the function 

oo 

Woj{x,s) = ^ Un+2,j{x,s)\^^, 
n=nj 

where 

Un+2,j{x,s)= ^ U^{x,s) 

\j\=n+3,j„+2=j 

and Uj{x,s) are defined in Sect. 3 starting with initial data e~^'^bi{x, s; .). Recall that in the 
previous section we obtained estimates for the CP{Tj) norms of Un+2,jix, s) for s E Vq. Thus 
applying Ph, Pg and Pe to woj{x, s) we obtain convergent series. Thus the function {Sj{s)woj){x, s) 
is analytic for s G Vq with values in C°°(r2j) and here we use the fact that woj{x, s) E C°^{Tj). It 
is convenient to introduce the following 

Definition 2. Let oo C be an open set and let V be a domain in C. We say that the function 
U{x,s;k) satisfies the condition (S) in {uj,T>) if the following hold: 

(i) for k > 1, U{., s; k) is a C^^oj) -valued analytic function in D, 



(a) U{., s; k) E L'^{oj) for Re s > 0, 
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(in) {A,j. — s'^)U{x, s; k) = in uj for every s GV. 

It is clear that {Sj{s){s)'Woj){x, s) satisfies the condition (S) in (i7j,Po)- Taking the sum over 
J = 1, . . . , Ko, we conclude that the function 

o 

satisfies the condition (S) in (ri,!Do)- 

6.2. Traces of Sj{s)woj on Ti. The analysis of the traces (Sj{s)wQj^ {x, s)\j^^, i ^ j, is more 
difficult. The main contributions come from {PhWoj)\-^^, £ j. Our goal is to find the leading term 

g-^V}i^)(i^(^x, s) be a term in Un+2,j{x, s). For x G Tj consider 



of PhyUn+2,j{x, "5)|p , j Ip^) ^ 7^ J- Let j be a configuration such that |j| = n + 3, jn+2 = j and let 



Op{xo)(e''''^'^^^ai{x,s)\i 



= ^ /" e-^«™)+'^j(^))xo(y,r/)aj(y,5)/3^(y,r/)dydr? = ^/^(x,s), 
11=1 fi=i 

where G C^{T*{Tj)) are cut-off functions such that X]^=i Ptiiv^'H) = 1 for (y,r/) G suppxo(yi '^)- 
For I^(x,s) we will apply the stationary phase argument with big complex parameter s G "Dq 
(see for instance, Lemma 2.3 in [Gj). The critical points of I^{x, s) satisfy the equations x = y, rj = 
Vyip{y), the matrix 

is invertible and we have 

(^^(^))"^ = (-1 . 

An application of the stationary phase argument yields 



M-l 



, X GTj. 



(6.4) 



+ ^ Lq^jiy, Dy, Djj){xoa}){x,Vyipj{x))s + AMj{x,s) 

q=l 

Here Lq j{y,Dy,Dri) are operators of order 2q and the form of (Gj(y))^^ shows that all terms in 
Lq j contain derivatives with respect to one of the variables rji, i = 1, N — 1. Thus, the terms in 
(j6.4p with coefficients s~'^, 1 < g < M — 1, vanish if | Vj^(/3j(a;)| < 1 — 5i. 

For s G T>o we have 



and for large M, the operator Qj/u = {Tlj{s)Qfi{s)u)\^ , j £, is negligible. 
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The leading contribution in the traces on comes from the trace of the terms 

7^,(s)(e-^'^J(-■)xo(x,V,(/.j(x))Gj(x,s)|^. 



that is from the action of TZj{s) on the leading term in ()6.4p . To examine this contribution we 
construct, as in Sect. 4 in |I3j, an asymptotic outgoing global solution 

M 



of the problem 



(A^ - s'^)vj^Mix, s) = s ^^r^^Mix, s), x £ 
Vj,Mix,s)\^^ = e-^'Pi'^''^xo{x,Vy(pj{x))aj{x,s)\ 



We have i/jjix) = ^j{x) on Tj and the phase il^j{x) is defined following the procedure in Sect. 2. 
Moreover, ipj{x) satisfies the condition (V) on Tj. Next, the amplitudes Cj^^(x,s) are determined 
globally by the transport equations. It is easy to see that 

Cj,o(a;,s)|r, = -a(j_^)(x,s)|r,, ^ / j, 

where (j , £) is the configuration (jo , ii , • . • , jn+2 = j, ^) ■ This follows from the definition of a(^/) {x, s) 
in Sect. 3 and from the transport equation for the leading term c^ q (see Section 4 in [13]) combined 
with the fact that if c^fi{x, s)\rf 7^ 0, then x must lie on a ray issued from (y, Vy93j(?/)) with 
Xq{v 1^ y^]{v)) = 1- The sign (-) appears since for the configurations (j,^) we have to include 
the factor (—1)"+^. Next, we choose a function $ G Cq"(|x| < po + 1) which is equal to 1 in a 
neighborhood of K and introduce 

y-jMi^^ •5) = ^^iMix, s) - Sq{s) (^s~^'r^^M{x, s) + [A, ^jv^^M^x, sj^ . 

We have (A^. — s'^)Vj^M{x, s) = in Q,j and for M large the traces 

Vi,Mi^^s)\re - (^i(s)[(e""^^^^'^Xo(a:,Vy(/jj(a;))aj(x,s))|pJ)|p^, i = l,...,Ko 

are negligible terms coming by the action of Sq{s). We obtain this first for trace on Tj and next we 
use the estimates for the resolvent lZj{s). On the other hand, for large M we get V-^^m{x, s)\-^^ = 
f^j,M(2;, s)|p^ modulo negligible terms related to the action of Sq{s). Thus the leading term of the 
trace on T^ is e~^''f^'^^^Cjfl{x,s)\^^. 

Next, consider e~*'''j*^^)6j(x, s)|p with 6j(3;,s)|rj = for |Vy(^j(x)| < 1 — Moreover, assume 

that if 6j(x, s) 7^ for X E Tj, then x is lying on a segment issued from some obstacle K^, I / j. 
From (|6.4p we see that the terms with coefficients s~^, 1 < ^ < M — 1, have these properties. 

According to Theorem A. II. 12 in [GJ, the frequency set of Ttji^s) ^e~*'^j(^)6j(x, ■s)|rj^ is included in 

the set determined by the outgoing rays issued from W F {^~^^'i^^^h-^{x , •s)|p/j . According to Lemma 
1, our choice of b\ shows that these rays do not meet a neighborhood of \Ji^jKg. Consequently, the 
traces of TZj{^s){^~'^'^'^^^^h-^(x,s)\Y^ on F^, i ^ j, are negligible. It clear also that all terms with 
factors s~'^ will produce traces with this factor. 
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For fixed n and fixed j,l ^ j we take the finite sum over tlie configurations |j| = n + 3 of all 

terms having coefficient s~'^, I < q < M, in the trace 7^j(s)^Op(xo)^n+2j|p/) and we denote 

this sum by s~^Rh.n,j.e{x, s). Since we cannot estimate directly the series with the contributions 
s~'^, we are going to put in Rh,n,j,e{x, s) all terms mentioned above as negligible and appearing 
with coefficients s~'^, 1 < q < M. 

Thus for fixed n, summing over j = 1, J 7^ ^ and j, we obtain all configurations j with 
|j| = n + 4, jn+3 = ^ and we conclude that 

[Ph Yl f^«+2jlr,)lr, = - E e-'^i^-^aiix,s)\^^ + s-'Rh,n,j/ix,s) (6.5) 

J=l,jy-« |j|=n+4,j„+3=£ 

+Qh,j,i[ Yl ^"+2,ilrJ- 

To treat {PgWoj)\ri, i / j, we apply the same argument. Observe that according to the results 
in Appendix II in [G], the frequency set oiTZj{s)(^Op{xi)Un+2,j{x,s)\^^ is related to the outgoing 
rays issued from the frequency set of 

Op{xi){ E e-^'^j(-)aj(y,.)|r,). 

|j|=n+3, jr„+2=J 

For every j the frequency set of Op{xi) (^e^^'^^^y^ aj{y , j is given by {y,Vyipj{y)) such that 

y G supp aj{y, .)\^^, \Vyipj{y)\ >l-6i. 

If y G Tj has this property and aj(2/, .)|p / for some configuration j , then y is lying on a segment 
issued from some T^, fj. ^ j. Our choice of 5i guarantees that the outgoing rays mentioned above 
pass outside a neighborhood of Ui^jKj. Thus, we deduce 

Here the series Yl'^=o Rg,n,j,e is convergent but we cannot show that S^^Lo Rg,n,j,e is negligible. 
In fact, the results of Theorem 3 cannot be applied to this series and for this reason we take M = 1 
in (j6.6p and consider Rg^n,j,e together with the terms Rh,n,j/- A similar analysis can be applied to 

7^j(s)^Op(X2)^ri+2j|p /) Ip^ since there are no outgoing rays issued from the elliptic region, and we 
obtain 

(■^j(s)(Op(X2)f/n+2,j)|pJ|p^ = Qe,j/(t^«+2,j|p,), 

where the operator Qj/^e has kernel in C°°{Ti x Tj). 

Summing over n and j = 1, kq, we conclude that for x £ F we have 

V^^\x,s;k) = m{x,s;k) + s-^Ri{x,s]k) + s-^' QMfi{x,s]k), (6.7) 

where in the notations the dependence on k is involved. The cancellation of the leading terms 
follows from the equality 

(a(j,£)(a;, s) + a-^{x, s)) l^gp^ = 0, £ / i 
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and the representation (j6.5p . The neghgible terms coming from the action of Qhj/j Qej.i: ji^ = 
l,...,Ko to vjQ^j are included in s~^'^ QMfi{x, s]k), while Ri{x,s;k) is the sum over n, j and £ of 
the contributions Rh,n,j,i{x, s; k) and Rg^n,j/{x, s; k) coming from (16. 6p with M = 1. Applying the 
estimates for C/n+2,j|p. and the analyticity of Ph-,Pg and Pe, we deduce that QMfi{x,s]k) and 

y*^'^^(x, s; are analytic for s G Vq. Thus we conclude that Ri{x, s; k) is analytic for s G Pq- We 
can prove directly that Ri{x,s;k) is analytic examining the series 

oo oo 

X] -P/i,n,i/(2;,'S; /c), ^ Pg^n,jAx,s;k). 

n=nj n=nj 

For fact, it suffices to obtain estimates for \Ph,n,j,i\ by Vn G N, and we treat this question 

in the next subsection. Thus the analyticity of Ri{x,s;k) is not related to the analyticity of F^*^^ 
and Qm and we may work with a parametrix P^ which is not analytic in s (see Appendix A. 4 in 
|SV| and Sect. 8). This could simplify a little bit our argument, but we arrange V^^^ to be analytic 
in order to have similarity with the construction in [I3j. On the other hans, to have estimates for 
the outgoing resolvent better than ()6.2p we must use an approximation by parametrix. 

6.3. Estimates of Ri{x, s; k). To estimate s; k) we need to estimate Rh,n,j,e and Rg^n,j,e- To 

deal with Rh,n,j,£, we use the equality (16. 5p . Notice that the trace 

Ph ^ f4+2,i|r^ 

is given by the trace on of 



So{s)[(^s-^'BM{s) + [A,^]Hh) Yl ^-+2jlr. 

The term involving is easy to be handled, and we treat the term with [A, ^']. Applying the 
estimates ()5.7|) with p = and estimating the action of the Fourier integral operator Hh, we get 



II [A, ^]Hh Yl ^".+2j|r,llo < Cj,i\sf+^°{^ + 

where /3o was introduced in Sect. 5 and {s + iA;) comes from dnZ]). Next for g £ C°(M^) with 
compact support we write So{s)g = Eg* g, where Es{x) is the kernel of 5*0(5). This kernel has the 
form 

Esix) = {{^yH\'\s\x\), ^ = {N- 2)/2, 

where H^^\z) is the Hankel function of first type. Since F^ n supp ^ = 0, we can estimate the 
(jp norms of 5'o(s)[A, ^'Jz/; exploiting the estimates for the derivatives of ^^^""^^(2). Thus setting 
Pj^ = {N - 3)/2 + Po, we deduce 

\\Sois)[A,^Hh Yl Un+2,j\^]\r„p<Bj^e^p{s + ik)\s\^+P+^^9^, (6.8) 

where < 6^ < 1 was introduced in Sect. 5. Next for the sum ^^^^^^ e~'"^j(^)aj(x, s)|p 

in (j6.5p we apply Theorem 3, (b). Consequently, summing over n, we obtain estimates for 
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Yl^=nj ^h,n,j,e with the same order as in (j6.8p . 

The analysis of Rg^n,j,e is completely similar. To estimate [A, . ,^ C/„+2,j|p ,)5 we 

observe that outside a small neighborhood of Kj the parametrix Hg in the glancing domain can be 
written as a Fourier integral operator with real phase and we may estimate (^So{s)\A,^]Hgiv^\^^ 
as in the hyperbolic case discussed above. For the remainder Qo,Mix, s; k) we have 

||QM,o(x,s;A:)||r,p <I)p(s + iA;r+'|sr'+''°, PGN, (6.9) 

where (s+iA;)^"'"^ comes form the estimates of the amplitude 61 (x, s; A;). Finally, we get the following 
crude estimates 

\\Ri{x,s;k)\\r,p<Cp{s + iky+^\s\P+^+f^'', s G Pq, Vp e N (6.10) 

and the term s~^||i?i(2;, s; /c)||r,o has no order Odsl""^) for all s G Vq. 

It is important to note that in the domain of absolute convergence Re(s) > SQ + d > sq we have 
better estimates for Ri{x,s;k). First, in this domain for all 7 and |x| < i? the series 

00 

n=l |j|=n 

are absolutely convergent (see [13]). Next Proposition 2 shows that the phases <^j(x) and their 
derivatives are uniformly bounded with respect to j and by recurrence we obtain the absolute 
convergence of the series 

00 

^^e-^^^(-)L,j(x,I).)aj(x,.), 

n=l |j|=„ 

j(x, Dx) being partial differential operators with order q independent on j and n with coefficients 
uniformly bounded with respect to j . Now in the equality (16. 4p we can sum over the configurations 
j and after the action of 'R-j{s) the sum of all terms with coefficients s~'', 1 < q < M — 1, and the 
remainder yield contributions which can be included in Qm,o- To deal with the traces of 

00 

E E ^i(^)(xo(x,V,^j(x))aj(x,s)e-^^j(-)|rJ, 

n=0 |j|=n+3,j„+2=j 

we can exploit the estimates in Sects. 4, 5 in [13] for the amplitudes Cj^^(x, s) of the asymptotic solu- 
tions Vj^M{x, s). In the same way, we can estimate and sum the negligible contributions s~^^ Rg^n,j,e 
coming from the glancing and elliptic regions and show that they yield a negligible term. Thus, for 
Re(s) > So + d > So we deduce 

\\Ri{x,s;k)\\r,p<Cp^d{s + ik)P+^\s\P,peN, (6.12) 

while for |s + iA;| < a + 1 we obtain 

Pi(x,s;A;)||r,p<C;rfF, PGN. (6.13) 
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7. Higher order terms of the asymptotic solution 

Our purpose is to improve (16.71) by higher order approximations V^^\x, s; k), j = 1, .., M — 1, 
where M is an integer such that M > (N — l)/2. In particular, for = 2 we can take M = 1 and 
the construction in Sect. 6 is sufficient. Recall that the term Ri{x, s; k) in the previous section has 
the form 

^ {^^Kn,j/{x, s; k) + Rg^n,j/{x, s; kj^ 
with 71-1 = —2 and rij = —1 for j 7^ 1. Fix j and ^ and set 

where ^n{x) is one of the phases 93j(x) in Un+2,j{x, s; A;). The choice of ipn is not important and we 
omit in the notation the dependence on The analysis in the previous section shows that we 

have the estimates 

\\m[';^\x, s; k)\\r,,p < Dp{s + ik)P+^\s\P+''+^^ ^ ,yn G N, (7.1) 

where < ^ < 1 is the same as in Sect. 5. Here and below we denote by F^^'^^ some terms 
depending on the traces on Kj and Ki, j,£ = 1, . . . , kq, while j, j' denote configurations. Now for 

fixed n we apply the construction of Sects. 3 and 6 to the oscillatory data e~'^^"^^^m^^'f^ {x, s; k) 
and we obtain a series Ylm=-i ^I'rfLl^' ^' ^) with 

\y\=m+3,j'^+2=^ 

where the phase functions ipi^nj'ix) depend on the configurations j'. Taking the summation over 
n, we are going to study the double series 

00 00 

wijAx,s;k) = E E f^?^!n(^>s;^)|r,' ^ e r,. (7.2) 

n=nj m=— 1 

We repeat the argument of the Sect. 6 for ctq < Re(s) < 1 and applying (j7.1|) and Theorem 3(b), 
we get the estimates 

\Wi£m{x,s]k)\\r,,p < D'p{s + ik)P+^\s\P+^+^^+^° Vn e N,Vm G N , (7.3) 

with constants Dp independent on n,m € N. Thus, the double series defining wij^x, s; k) is 
convergent. Applying S£{s) to wij^x, s; k) and exploiting (j7.3p . we justify the convergence of the 
corresponding series and for s G "Dq we obtain analytic terms. The function 

V^^\x,s;k) = -s"^ ^ Se{s)(^wijAx,s;k)^ 

o 

satisfies the condition (S) in {i},T>o) and for s G T>o and x £ F we get 

y(°)(x, s; k) + V^^\x, s; k) = m{x, s; k) + s-'^R2{x, s; k) + s-^Qm,i{x, s; k). (7.4) 

Here R2{x,s;k) and Qa/i,i{x, s; k) are analytic for s £ Vq, Qm,i satisfies the same estimates as in 
(j6.9p . while for R2{x,s;k) we have 

\\R2{x,s;k)\\r,p < Cp{s + ik)P+^\s\P+^+^^^ , e N. (7.5) 
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For Re(s) > sq + d > sq we obtain again better estimates, since we can choose (pnix) = ^j{x) and 
m^^'^\x, s; k) = cyi{x, s; fc)|p , where Cj^i{x, s; k) is the coefficient in front of s^^ in the asymptotic 
solution Vj^M{xiS;k) introduced in Sect. 6. Exploiting the convergence of the series (16.111) . we 
deduce that in this domain the growth in the right hand side of (j7.5p is {s + ikY^'^\s\^ . 

Repeating this procedure, we construct V^'-'^x, s; k), < j < M—1, which are analytic functions 

o 

for s € with values in C°°(J7). They satisfy the condition (S) in (r2,2?o) a-nd we have 

M-l 

J2 V^^\x,s;k) = m{x,s;k) + s-^^QM{x,s;k), x eT , (7.6) 

j=0 

with polynomial estimates 

||QM(x,s;A:)||r,o <CA/(s + ifc)^W|sr(*^),5GPo. (7.7) 

Here Qm{x, s; k) is analytic for s G and Cm depend on the norms of the derivatives of '4){x) and 
6(x, s; k) involved in the boundary data m(x, s; k) introduced in the beginning of Sect. 6. Thus, we 
establish crude estimates with orders N(M), L{M) depending on M and it seems quite difficult to 
obtain more precise estimates for s G T>q. Of course, we have N{M) > M, however we will apply 
the above estimates for fixed M and the precise value of N(M) is not important for our argument. 
For Re(s) > sq + d > sq, Im(s) < — J the absolutely convergence of (j6.1ip implies 

\\QM{^,s;k)\\r,o < CM,d(s + iA;)^(*^). (7.8) 

The constant C^i^d depends on d but L{M) is independent of d. Now we fix an integer M £ N so 
that M > ^ , N{M) and L(M) are fixed. Next, we fix d > small enough so that 

N(M) N-1 

d \ ' <M . 

So + a - (To 2 

In the domain {s G C : do < Re(s) < sq + d < 0, Im(s) < —J} consider the analytic with 
respect to s function 

^^^'^'^^ (5 + ifc)i(M)- 

The estimates (j7.7p and (j7.8p combined with the Phragmen-Lindelof theorem (see [T]) show that 

for s G {s G C : Re(s) = t, ao < t < sq + d, Im(s) < — J}, we have 

\\F{x,s;k)\\r,o<AM\sr^'\ 

n{t) being the linear function such that ^(cro) = N{M), k{so + d) = 0. We can choose ai < sq so 
that < K{t) < a for cji < t < So + d with some < a < M - Thus, for cri < Re(s) < 

So + d, Im(s) < —J,\s + ik\ < |(To| + 1 we get 

||QM(x,s;A:)||r,o <^A/|s + iA:|^(^-')|sr <5mA:", k>l. (7.9) 

Moreover, the constant Bm depends on the derivatives of V-i/' and b{x, s; k) involved in the boundary 
data m(x,s;k) as well as on some global constants depending only on K. The restriction cji < 
Re(s) < So + d with so + d < was used only to guarantee that the factor (s + iA;)^^^^^ 7^ in this 
domain. For Re(s) > sq + d we can apply the estimate (|7.8p to obtain (j7.9p with another constant 
Am and a = 0. Consequently, (|7.9p holds for 

s G Pi = {s G C : fJi < Re(s) < sq + c, Ims < — J, |s + iA;| < \ao\ + c}, So + c > 1. 
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8. Integral equation on the boundary 

o 

The purpose of this section to define for s € 2?i an operator R{s; k) : L'^{T) — t- C°^{i}), where 
ki > J + \ao\ + c will be taken sufficiently large. The operator R{s; k) satisfies 

' {A^-s^)R{s,k)f = 0, xen, 

R{s,k)f £ L'^{n), ioi Re {s)>0, (8-1) 
[R{s,k)f\^ = f 

and to arrange the boundary condition we will solve an integral equation on T. After the construc- 
tion of a solution Xljlo^ V^^\x, s; k) with the properties in Sect. 7, it was mentioned in Proposition 
2.4 in [13] that the existence of R{s; k) can be obtained by the argument in [12]. On the other hand, 
^I2j deals with the case of two strictly convex obstacles and in that case the geometry of the trapping 
rays is rather different from that in [13] and our paper. For the sake of completeness we will discuss 
briefly how we can construct R{s] k) by using the construction in Sects. 6-7 in the hyperbolic region 
and those in [IT], [E], |SV] in the glancing and elliptic regions. 

Fix M > (N — l)/2 and < a < M — ^^^-^ as in the previous section and j G {1, kq}. Let 
Y C Tj and let F £ L'^{Tj) with suppF C Y. As in Sect. 6 choose local coordinates in T*{Y) 



with y = (yi, . . . , yN-i) £ W C M , and write 

F{y) = (2^)-^+iy" e'<y^^>F{r])dv = {^Y'^Giy) J e'^<y^^> Fikr^)drj, 

where G{y) E C^{R^-^), G{y) = 1 on suppF(y) and 

F(r?) = j e-'<y'^>Fiy)dy. 

Consider a partition of unity Xoiv) + Xiiv) + X2{v) = 1 with C°° functions Xiiv)-! ^ Xiiv) < 
1, z = 0, 1, 2, such that 

2 2 

supp Xoirf) C {t/ : |r/| < 1 - (5i/2}, supp C {r/ : I - -5i <\ri\ < I + 

supp X2{n) C {?? : |??| > 1 + 5i/2}, 
< (5i < 1 being the constant in Sect. 6. Set 

^'^y^ = (^) G{y) J e'''<y''^>x^{v)F{kv)dv, i = 0, 1, 2. 
To treat Fq we will apply the results of Sects. 3-7. Consider the function 

ip{y; rj) =<y,rj>,ye W, |??| < 1 - di/2. 
We can construct a phase function ip = Lp{x;r]) defined in Vj such that 



dip I 

(ii) ^{x;r])\ >S2>0,y£W, 
Of J 

{Hi) the phase ip{x;r]) satisfies the condition {V) on Tj. 
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The local existence of ip{x;r]) satisfying the conditions (i)-(ii) has been discussed in [12], [l3] . 
To arrange (iii), we use a suitable continuation and we treat this problem in Appendix B below. 
Starting with the oscillatory data mo(y;r/) = {2TT)~^~^^G{y)e^^^y''^\ |??| < 1 — ^i/2, applying the 
argument of Sects. 6-7, we construct an approximative solution VQ{x^s;k^-q) which satisfies the 

o 

condition (S) in and such that 

VQ{y,s;k,ri) =mo{y;r]) + s'^' Q{y, s]k,ri), x e F. 

Moreover, for Qm{x, s; k,r]) we have the estimate (|7.9p and it is clear that the constants Bm and 
a in (j7.9p can be chosen uniformly with respect to rj, {tjl < 1 — 5i/2. Define the operator 



Uo{s;k)F = J Vo{x,s;k,ri)xo{v)F{kv)k''~'d7] 

O 

with values in C^{ft) so that Uo{s] k)F satisfies the condition (S) in (J7,2?i) and 
Uo{s;k)F\r = Fo + s-^' J QM{x,s;k,r,)xG{r^)F{k'n)k^-Hr, 
= Fo + Lois; k)F. 

Therefore 

^J\ri\<l-5i/2 ^ 
< Cofc-2*^+^-l+2« f dl] [ \F{kr,)\^k''-'dv < Cife-2M+^-l+2a||^„2 



L2(r) 

with a constant Ci > depending only on K. Moreover, for s S Pi we obtain the estimate 

l|f^o(s;A;)F||^2(f,n{|.|<i?}) <Co,/?fc-«||F||i2. (8.2) 
For this purpose, it is sufficient to show that 

||Vb(a;,s;fc,r/)||i2(j^n{|x|</?}) < C'o,i?^^°> ^ G Pi , (8.3) 
uniformly with respect to < 1 — 6i/2. On the other hand, 

VQ{x,s;k,r]) =V^°\x,s;k,i]) - ^ V^"'\x,s;k,ri)s-"' 

m=l 

and 

Kg 

V^"'\x,s;k,r]) = ^ Sj^{s)wj^j^^,„j^{x,s;k,'n). 

il J2v,jm=l 

Here ■u^ji,j2,.--,im(^i -s; ^) v)^ ^ ^ ) are infinite series and the estimates of HF^"*) llL2(nn{|x|<i?}) follow 
from the estimates for the operators H^, Hg, So{s), Pe and the estimates for \\wj-^j2,...,jm\\H2{rm)- 
According to the recurrence procedure in Sect. 7, we deduce that 

\\wj,,j,,...,jJ\HHr„.)<De\s\'i^''^\ s G Vi,m = 0, ...M - 1 , 

for some integers q{m), and we get (j8.3p with pQ = sup^ q{m). 
To deal with Fi{y), introduce Ciy^v) ^ such that 

2 2 

^(y, v) - {^{y):i{y, v)) = {y, ??) e ^ = supp G x {?? : --^i < - 1 < -61} 
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and consider ({y, rf) = ^(y, 77) — 2{v{y),^{y, r]))u{y) G S^^-*^. Our choice of 5i in Sect. 6 and Lemma 
1 show that at least one of the rays {y + t£,{y,ri) : t > 0}, {y + tC,{y,rf) : t < 0} does not meet 
a dg-neighborhood of U^^j-^^- For every fixed (yo)%) G S we have the above property for at 
least one of the rays related to (,{yo,rjo) and C(yo,??o) and the same is true for (y,r/) sufficiently 
close to (yO)%)- Consider a microlocal partition of unity X]^=i V'M(y)^M(^) = 1 on H so that 
supp C {rj : —61 < \r]\ — 1 < 61}, while for (y, r/) G supp V'^j^^i we have the property of the 
rays mentioned above. We fix /i and assume first that the outgoing rays {y + tS^{y,rj) : t > 0}, 
{y,rj) £ supp tp^E^ do not meet a neighborhood of U^^j ^i- Consider boundary data 

m^(y; A;,ry) = (27r)-^+iG(y)V^(y)e^^<^'''\ r? G suppH^. 

Following Proposition 4.7 in [13] (see also Proposition 7.5 in [11]), for every M > 1 there exists a 
function s; fc, ry) which satisfies condition (S) in {QjjVi) and 

\\Z^^M{;S;k,r])\\cP{n,n{\x\<R}) < CR-pk'", Vp G N, (8.4) 
Z^^,M{y, s; k, rj) = m^{y; k, rj) + r~^'^D^^M{y, s; k,r]), y G P , 

with 

\\D^,M{;S;k,r])\\r,p<CpkP, V^j G N. 

The constants in the above estimates are uniform with respect to rj and /x and they depend only 
on the geometry of K. 

The construction of in fIT] is long and technical. We sketch below the main points. The 
starting point is to introduce oscillatory boundary data 

{27r)-^+'G{y)My)Kt)e''^^''''^-'\ rj G supp , 

depending on y and t with h G C^(M"''), supp h C (T, T + 1), T > 1 and to construct an asymptotic 
solution w^{x, t; k, rj) of the wave equation (9| — A^)u = for t > with supp Wfj,{x, t; ., .) C {{x, t) : 
t > 0} and big parameter k. We omit in the notation here and below the dependence on M. In 
the glancing region we have two phase functions 93-1- = 0{y,rj) it |p^''^(y, ??) (see [IT], [G], |SVj ) and 
if± are constructed so that their traces on suppGnPj coincide with {y,r]). The outgoing rays are 
propagating with directions V(/9+, while the incoming rays are propagating with directions V(/5_. 
The proofs in [IT] and [13] work assuming N odd and one considers the Laplace transform 

/oo 
e^''^Wp_{x, t; k, r])dt, s G "Di. 
'OO 

The assumption N odd is used only by applying the strong Huygens principle to guarantee that for 
every fixed x G ^Ij the support of with respect to t is compact, hence the integral is convergent. 
For N even we apply the finite speed of propagations and the fact that the supports of the solutions 
of the transport equations are propagating along the rays {y + tV(^+(?/, ry) : i > 0} to show that for 
|x| < po the solution w^{x,t; k,r]) vanishes for t large. This justifies the existence of 'w^{x, s; k,ri) 
for |x| < pq. Next, using the notation of Sect. 6, consider 

Zf,{x,s;k,r]) = y-^-—hw^- So{s)(^{A^- s^)w^ + [A,^]wA], (8.5) 



h{s + iA;) 

where h is chosen so that h{s + iA;) 7^ for \s + < \ao\ + c. Now let p be such that the rays 
{y + tC{y, rj) : t < 0}, {y, rf) G supp tpp'Ep, do not meet a neighborhood of U^^j ^e- ^^^^ case we 
repeat the procedure in Section 7 in [II] and Section 4 in [13] to construct an asymptotic solution 
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w^{x,t; k,r]) of the wave equation for t < with supp ., .) C {{x,t); t < 0} starting with 

oscillatory boundary data 

{27T)-''+^G{y)^^{y)h{-t)e-"^(-M-'\ rj G suppH^. 

We express (y,r/) by the trace of the phase function v'- r related to the incoming directions and 
we consider for \x\ < po the Laplace transform 



/oo 
e'^*Wf^{x,t; k,ri)dt, s G Vi. 
-oo 



~oo 

Next, we define Z^{x, s; k, rf) by (|8.5|) using the outgoing parametrix Sq{s) and deduce the estimates 
()8.4p . Finally, we introduce 

Ui{s;k)F = Y, / Z^{x,s-k,in)~^{ii)xi{^)F{ki^)k''--^din 

and conclude that Ui{s; k)F is analytic for s G Pi and satisfies 

f(A^ - s2)C/i(s;A;)F = 0, x G 

As above, exploiting the estimates (j8.4p . we obtain 

||Li(s;A;)F||i2(r) < CMfc-*'||F||i2(r), s G Pi, 



and 



|[/i(5;^)F|| o <Ci,^A;V||F||^2. (8.6) 

{Q. r\{\x\<R}) 



Now we pass to the analysis of the term F2 in the elliptic region. Let Uj be a small neighborhood 
of Kj and let Uj = Uj \ Kj. Following [SV] . Appendix A. 4, we construct a parametrix ffg : 
C°°(supp G) — )■ C°°{Uj) as a Fourier integral operator with complex phase function (p{x,r]) and 
big parameter k having the form 

{Heu)ix,s) = I e"'^^^^'^^-^y^^^'^~aix,r],k)uiy)dydr,, 

so that 

{{As — S^)HeU = KeU, X G Uj, 
Heu\^^ = Op{Gx2)u, ' 

where 

Op{Gx2)u=[^Y'' I e"^(^-y'^'>G{x)x2{vHy)dydrj. 

The last operator is defined for u G C°^{Tj) but it can prolonged to G L'^{Tj) since the symbol 

X2{'>]) £ ^0^0^^ (see Proposition A.I. 6 in [G]). 

Assume that locally the boundary Tj is given by the equation xn = and let locally Uj C 
{xn > 0}. To satisfy the equation (A^; — s^)HeU = modulo negligible terms, we must choose ip 
so that 

\'^^? = -{l)^ = ^^^\r^ = {^^r,). (8.7) 
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For \s + < |cJo| + c we see that 7 = 1 + 0{k~^) is a complex parameter close to 1 and we may 
repeat the argument in Appendix A. 4 in [SVj and Appendix A. II. 4 in [G] to construct tp with 
the properties 

lmip{x,r]) > coXn{1 + |r/|), cq > 0, \Reip{x,rj)\ < Cq{1 + |r/|). 
The phase satisfies the eikonal equation modulo 0{x^), the amplitudes satisfy the corresponding 
transport equations modulo 0{x'^) and d{x, ry, k) G "^qq . Notice that the sign of lm.(f{x, ry) is related 
to the choice k > 0. We have 



Re[ik{(p{x,rj) - {y,r]))j = -klnnp{x,rj) < -cokxN{l + Ivl) 
and the integral H^F is convergent for X]\f > and F G L'^{Y). Moreover, we have 

sup x^e-'^^^^^i+l^"!) < c„,(l + IryD-^fc-™, Vm G N 

a;]v>0 

and this implies that the kernel of Kg is in C°°{Uj x supp G) and we obtain = 0(1^:1"°°) 
uniformly with respect to xjy G [0, e]. 

Next, let ^{x) G C^(Uj) be a cut-off function such that ^{x) = 1 in a small neighborhood of 
Kj. Define 



U2{s; k)F = [^>H, - So{s) (^i^e + [A, ^H, 

Then U2{s;k)F satisfies 



F. 



I (A^ - s'^)U2{s; k)F = 0, x en, s eVi, 
\u2is;k)F\^ = F2 + L2{s;k)F, 

but U2{s; k)F is not analytic with respect to s which will be not important for the proof of Theorem 
2 below. On the other hand, the trace on T of S'o(s)[A, ^]HeF is negligible and the same is true 
for the trace of So{s)'^KeF. Thus, \\L2{s; k)F\\L2^r) < Civik'^'' \\F\\L2(^r), VM G N. Moreover, we 
have the estimate 

\\U2{s;k)F\\L2^Q^r,{\x\<R}) < C2,R\\^\\L2{r) (8-8) 
which is a consequence of estimates of '^H^.F and [A, '^]HeF. In fact, the estimate of || [A, ^'Jffe-P'IlL^ 
is easy since ^' = 1 in a neighborhood of Vtj and the kernel of [A,^']ffe is in C°°{Uj x supp G). 
To estimate ||^'-ffe-^||L2) we observe that for small x^r > 0, He is a Fourier integral operator with 
non-degenerate phase function of positive type (pix, y, rj) = ip{x, rf) — {y, rj) (see Definition 25.4.3 in 
[H]). Thus, we can estimate 

\\{HeF){xN,.,s;k)\\L2(Ujn{xN=z}) < ^ll^llL2(r) 

uniformly with respect to z G [0, e] (see Theorem 25.5.6 in [H]) and this leads to (jS.Sp . Finally, 
introduce 

Lris; k)F = Uo{s; k)F + Ui{s; k)F + U2{s; k)F 



and conclude that 



with 



Ly (s; A;)F|r = F + Y. k)F = F + Qy{s; k)F 

i=0 

\\QYis;k)Fh2^r) < ByA:-*^+(^-i)/2+"||F||i.(f,). 
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By using a partition of unity on F, we define an operator 

L{s; k) : L\T) Bf^ L{s; k)f G C^{n) 
and deduce that L(s; k)f satisfies 

'(A^. - s^)L{s,k)f = 0, xGn, 
' L{s, k)f e L^{n), for Re (s) > 0, 
Lis,k)F\^ = f + Qis;k)f 

witli 

Choosing ki sufficiently large, the operator I + Q(s; k) : -L^(r) — )• L^(r) is invertible for s S Pi and 
k > ki. We define 

Ris; k)f = Lis; h){I + Q{s; k))'^ f : L\T) C^{h) 
and it is clear that R{s; k)f for s £ Vi satisfies ()8.ip . 

o o 

Proof of Theorem 2. Given g £ L^($7) and x G with supp x C {|a;| < p}, p > pQ, by 

(jOD we obtain 5o(s)(xg) G i^^kl < P) and this yields [5'o(s)(x5')] |r G ^f^/^(r). Setting s = iz, 
consider for Im z < 

XV = So{iz){xg) - R{iz;k)(^[So{iz){xg)]\^). (8.9) 
Then for the cut-off resolvent Rxi^) introduced in Sect. 1 we get 

Rx(^)U9) = XV, Imz < 0. 

The operators xSoi^^)x and R-x{z) admit respectively analytic and meromorphic continuation 
from Im z < to {z £ C : Im z < — (Ji, Re z < Ji}, where Ji = min{0, \ao\ + c — ki}. Thus, 

xR{iz;k)^[So{iz){xg)]\Y^ is also meromorphic in this domain and to show that it is analytic for 
iz G Di it suffices to prove that this operator is bounded. For iz G Pi this follows from the 
estimates ()8.2p . ()8.6p . ()8.8p above and we obtain a polynomial bound for ^ ^2 ^ ' 

Consequently, Rxiz) admits an analytic continuation and we get (11. 7j) for Re z < — Ji < 0. Next 
to cover the case Re z > Ji > 0, we can use the fact that the poles of Rxi^) Sire symmetric with 
respect to IM"*" or repeat the argument with k « 0. ■ 



To obtain Corollary 1 we establish the estimate 

\\Rx{z)\\ o o < C(l + |z|)™-^, zeS, 



where m G N is the integer in (jl.7p and L G N, L > m. The proof goes repeating that in the 
non-trapping case (see Theorem 1 in [TZ]) and we omit the details. ■ 
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9. Appendix A : Stable and instable manifolds for open billiards 

Let zo = {xq,uq) G S*{0,). For convenience we will assume that xo ^ K. Assume that the 
backward trajectory 7_(zo) determined by zq is bounded, and let r] G be its itinerary. 

Given x G and e > 0, by B{x, e) we denote the open ball with center x and radius e in M^. 

In this section we use some tools from [I3j to construct the local unstable manifold ^loc^'^o) 
Zq in S*{fl) and show that it is Lipschitz in zq (and rj). In a similar way one deals with local stable 
manifolds. 

Notice that if the boundary F of X is only {k > 2) the C°° smoothness below should be 
replaced by C^. 

Proposition 4. There exists a constant cq > such that for any zq = {xo,uo) £ 5'|^(r2ni?o) whose 
backward trajectory ^^{zq) has an infinite number of reflection points Xj = Xj{zQ) (j < 0) and 
rj G is its itinerary, the following hold: 

(a) There exists a smooth (C°° ) phase function ij) = tpr) satisfying part (i) of the condition (V) 
onU = B{xo, eo) H such that ■^'i^o) = 0, uq = Vip{xo), and such that for any x G C^{xo) riU^{'ip) 
the billiard trajectory 7_(x, V^/'(x)) has an itinerary r] and therefore d{(j)tix,'V'ip{x)),(ptizo)) as 
t —7- — oo . That is, 

Wloc(^o) = {{x,Vij{x)) : X G C^{xo)nU+m 
is the local unstable manifold of zq. Moreover, for any p > 1 there exists a global constant Cp > 
(independent of zq and rj) such that 

||V^,||(p)(ZY)<Cp. (9.1) 

(b) If {y,v) G S*{Q, n Bq) is such that y G C^(xo) and j^{y,v) has the same itinerary rj, then 
V = Vip{y), i.e. {y,v) G W^'^^izo). 

(c) There exist a constant a G (0,1) depending only on the obstacle K and for every p >1 a 
constant Cp > such that for any integer r > 1 and any C) ^ £ '^~a with Qj = r]j for —r < j < 0, 
we have \\Viprj - VV'cllp(^) < Cpo'', where V = U (iprj) <^ {i^O ■ 

Proof, (a) Take eo > so small that whenever {x,u) G Sg^^^{Qri Bq) and {y,v) G 5*(r2) is such 
that \\x — y\\ < eo and \\u — v\\ < eo we have {y,v) G 51^^(0). Then define U as in part (a) above. 
Set,d_m = — and U-m = ^-'"+1"^-"' g S"~i (m > 1). Given any integer 

11^— m + l ^ — mil 

m > 1, consider the linear phase function ^('"^ = in Q such that VV'^™^ = U-m and 

V'^^H^-m) = -{d.m + + • • • + d-i)- Then define 

Clearly ■i/'m^'* is a smooth phase function defined everywhere on U (in fact, on a much larger subset 
of O) with ■i/'m^H^o) = 0- Moreover, it follows from Proposition 2 in Sect. 2 above that 

||V^^-)-VV'iTi'^||p(^)<Cpa- , m>l (9.2) 

for some global constant Cp > depending only on K and p. Here we use the fact that jjVV'^™'^ — 
Y^(m+i)||^^^ < C, due to the special choice of the phase functions ip^"^^ and Since 

xpiTr\XQ) = iP^^i\Xq) = 0, it now follows that there exists a constant Cp > such that 
^Notice that W^^{zo) and W^{zo) (see Appendix C) coincide in a neighborhood of zq. 
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\\i^m\x) - < Cpa"" for X e U n Bo . This implies that for every x E U there ex- 

ists tp{x) = lim^_^oo i^rn\x)- Now (9.2) shows that ■0 is C°°-smooth in U and 

||VVt)-VV'||p(Z^)<Cpa- , m>l. (9.3) 

In particular, HVV'II = 1 in ZY. Extending ijj 'm.a trivial way along straight line rays, we get a phase 
function ^ip satisfying part (i) of the condition (P) in lA. 

Let us now show that W = {(x, VV'(x)) : x G C^(a:o) n^^(V')} is the local unstable manifold 
of zq. Given x G C^(xo) r\U^{'4)) sufficiently close to xq and an arbitrary integer r > 0, consider 

the points X~'^ {x^ij}^'') G dKn_^ for m > r. By Proposition 1 in Sect. 2 above, there exist 

global constants C > and a G (0,1) such that \\X-''{x,ipt^) - ^-^(a;, V'I^'^)|| < Ca"*"'' for 

m' >m> r . Thus, there exists X~'^ = limm^oo (Xjipln^^) G dK^_^ and 

||X-'-(x,V^)) -X-ni < Ca"*-^ , m>r. (9.4) 

It is now easy to see that {X~^}JLq are the successive reflection points of a billiard trajectory in 
and this is the trajectory 7-(.x, V?/;). The backward itinerary of the latter is obviously r]. Moreover, 
(9.3) implies (i(0t(x, V-0(x)), 0^ (zq)) — > as f — > — oo, so (x, VV'(x)) G W^^^{zq). 

Finally, by (2.1), \\iljt'\\{p){U) < Cp HV'^'") ||(p) < Cp , and combining this with (9.3) gives (9.1). 

(b) Let (y, v) G S*ip,) be such that y G C^{xq) and 7-(y, v) has the same itinerary r/. Define the 

phase functions (p^^ and y?^'"-' as in part (a) replacing the point zq = (xq, uq) by ^ = (y, u), and let 

ip{x) = \im.m^oo'Pm\x). Then by part (a), we have W^^^{z) = {{x,Vil){x)) : x G C^{y) nW+(^)}. 
On the other hand, it follows from Proposition 2 that there exist constants C > and a G (0, 1) 

such that WVipln"^ — V<^^^|| < C for all m > 0, which implies ip = ip. Thus, v = Vip{y) = 
VV(y) e t^i^e(^o). 

(c) Choose the constants a G (0, 1) and Cp > (p = 1, . . . , fc) as in part (a). Let C) ^ ^ ^® 

such that Q = rjj for all — r < j < for some r > 1. Construct the phase functions VnT'''^ and 
^f^^ {m > 1) as in part (a); then — limm^oo '''■') V'C — hnim^oo V'm It follows from 
Proposition 2 that || V')/''-'^''''* — V'i/'^''''''* || < CpU^. Combining this with (9.3) with m = r for ij and 
then with rj replaced by one gets 

II Wr, - VV'cll < l|VV^ - VV^'''''^|| + IIVV^'"'''^ - VV^^'-^^II + IIVV'^'"'^^ - VV'cll < Cpa'- . 
This proves the assertion. ■ 

10. Appendix B : Construction of a phase function satisfying the condition {V) 

Consider a local representation xn = h{y) of the boundary Tj with y = (j/i, ...,yjv-i) G C 
M''^"^. We wish to construct a phase function (p{x;r]) such that 

U being a small neighborhood of a fixed point xq G Tj so that ip{x; rj) satisfies the conditions 
(i) — {in) of Sect. 8. Assume that |?7| < 1 — /x, where < /U < 1. It is convenient to consider 
a little more general problem with boundary data given by a smooth function xiv) such that 
|Vyx(y)l < 1 — A* for y G W. We will construct a phase function p{x) such that 

f{yMv)) = x{y),y^w , (lo.i) 
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omitting the dependence on ry in the notation. From the boundary condition (jlO.ip we determine 
the derivatives of 99 on the boundary Tj. Set ipy = {tpy-^, ...,ipy^_-^), hy = (hy-^, ...^hy^_^)^ Xy = 
;Xj/]v-i)- We have ipy + ipx^^hy — Xy, so setting (fxi^ — yl l^yF solving the system 



we get 

On the other hand, 
which gives 



fy + y'^- Wy?^y = Xy 

{l-\^y\'')\hy\'' = \Xy? + \Vy\''-2{Xy.iPy). 
2(Xy, ^y) + 2^l-\^y\^hy,Xy) = 2\Xy? , 
(1 + - \^y\^) - 2{hy,Xy)^J^-\^y\^ + \Xy\^ " 



1 = 0. 



Consequently, for ipx^^ = y^l — \^y\'^ we obtain 

V^xjv (y, Hy)) = ^^1^ |2 ((^2^' Xy) + \J {hy,Xy)'^ + (1 - |X3/P)(1 + l^s/P) 

Now it is easy to see that we have the condition 

{Vip{x),u{x)) >5o>0,x = (y, h{y)) G U. (10.2) 
In fact in local coordinates x = (y, h(y)) the outward normal to Tj is given by 

and we deduce 

(Vifix), v{x)) = \ [(1 + - {hy, Xy)] > Jl-\Xy\^ > > 0. 



yi 



By using (10.2) and a standard argument, we can solve locally the eikonal equation |V(/?(x)| = 1 
with initial data 

v{y,h{y)) = x{y), 



Vx(p{y,h{y)) = [i^y{y,h{y)),(px^{y,h{y))j, (y,/i(y)) G U. 

This argument works for local boundary condition xiy) = {y,v)i |^?| < 1 — Si/2, and we obtain a 
phase function if{x]r]), x = {y,h{y)), y £ W. As in [13], [B], we show that the principal curvatures 
of the wave front 

g^(z) = {yeM^: ^{y;rj)=ip{z;7])} 
are strictly positive for every z = {y, h{y)) G U. 

In order to satisfy the condition [V) on Tj, we will construct a suitable continuation of ip{x; r]). 
For this purpose fix a point xq = {yo, /i(yo)) £ U. Without loss of generality, we can assume that 
ip{xo;r]) = 0. Consider a sphere 5*0 passing through xq with center O in the interior of Kj so that 
the unit outward normal vq of Sq at xq coincides with V(p{xo;r]). 

Choosing local coordinates ie,z{9)), 9 eW C M^-^ on So, let Hq = {i9,z{e)) : \9 - 9o\ < 
2e} C So be a small neighborhood of xq = {9q, z{9o)). Consider the trace ^{6) = (p{6, z{9)) of ip on 
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Hq. (We omit again the dependence on r] in the notation.) Since ^{Oq) = and Vg^{6Q) = 0, we 
have 

mO)\ < Coe\ \VeHO)\ < Cie, 9 G Hq. 
Choose a smooth cut-off function a{9), < a{6) < 1, such that a{9) = 1 for |0 — ^ol < a(^) = 
for \e -eQ\>e with \Vea\ < C2e-^. Set xi^) = a{e)^{e). Then for small e > we have 

|Vex(^)l < {C0C2 + Ci)e < 1 - /i < 1. 

By the above procedure we construct a phase function ^(x) so that '^{9,z{6)) = x{d), |^ — ^ol ^ 2e. 
For H' = {{9, z{9)) : e < |^ — 6*0] < 2e} C Hq, it is easy to see that V2,.^'|„, coincides with the unit 
normal uq to Sq. Thus if a; = z + tfo(-z), t > with z G H', we have ^{x) = t and for such x the 
phase ^{x) coincides with the phase function ^{x) defined globally in a neighborhood of Sq and 
having boundary data ^{x) = 0, Vx G Sq. Consequently, we may consider ^{x) as a continuation 
of ^'(x), so ^'(x) is defined globally outside a small neighborhood of the center O of 5*0 lying in 
the interior of Kj. It is clear that ^ satisfies the condition {P) on 5*0. On the other hand, for 
Si = {{9,z{9)) : \9 — 9o\ < e/2} we have = V'ls^ and locally in a neighborhood of xq the 

phases ^'(x) and (p{x) coincide. Thus, we can consider ^(x) as a continuation of ip{x). 

11. Appendix C: Dolgopayt type estimates for open billiards 

Here we first state the assumptions about the billiard flow and the non-wandering set A under 
which the results in |St4] imply the Dolgopyat type estimates (3.3). Following j PS2j . we then explain 
how to apply these in the situation described in Sect. 6 above. Full details of the arguments can 
be found in [PS2] . 

For X G A and a sufficiently small e > let 

W:{x) = {ye S*{n) : d{Mx),My)) < e for all t > , d{Mx),My)) ^t^oo } , 

W^'ix) = {y G S*{n) : d{(t>t{x) , Uv)) < e for all t < , d{<l)t{x) , Uv)) } 

be the (strong) stable and unstable manifolds of size e. Then E^[x) = TxW^{x) and E^{x) = 
T^W!{x). 

The following pinching conditior^ is one of the assumptions mentioned above: 
(P): There exist constants C > and < q < /3 such that for every x G A we have 

^e^^^ll-ull < ||#t(x)-'u|| <Ce'^"*||'u|| , -u G ^"(x) , t > , 

for some constants ax,/3x > depending on x but independent of u and t with a < ax < l^x ^ P 
and 2ax — Px > ot for all x G A. 

Notice that when N = 2 this condition is always satisfied. For > 3, some general conditions 
on K that imply (P) are given in |St5j . According to general regularity results, (P) implies that 
W^{x) and W^{x) are Lipschitz in x G A. In fact, it follows from |Ha2] (see also |Hal| ) that 
assuming (P) and supx^A^x < 00, the map Ab x ^ £'"(x) is C^"'"^ with e = 2mfx£A{ax/ Px) — 1 > 
0, in the sense that this map has a linearization at any x G A that depends (uniformly Holder) 
continuously on x. The same applies to the map A 9 x 1— )• E^[x). 

appears that in the proof of the estimates (3.3), in the case of open bilhard flows (and some geodesic flows), 
one should be able to replace the condition (P) by just assuming Lipschitzness of the stable and unstable laminations 
- this will be the subject of some future work. 
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Next, we need some definitions from |St4j . Given z G A, let exp" : E'^{z) — > W^^^{z) and 
exp^ : E^{z) — > W^^{z) be tlie corresponding exponential maps. A vector b £ E'^{z) \ {0} will be 
called tangent to A at z if there exist infinite sequences 

c and {t^} C M \ {0} such 

that exp"(tm. f *^'")) G A n W^{z) for all m, v^"^^ — )• b and — as m — )■ oo. It is easy to see that 
a vector 6 G E^{z) \ {0} is tangent to A at z if there exists a C"^ curve ^(t) (0 < t < a) in W^{z) 
for some a > with z(0) = z and i(0) = b, and 2;(t) G A for arbitrarily small t > 0. In a similar 
way one defines tangent vectors to A in E'^(z). 

Denote by da the standard symplectic form on T*(M^) = x M^. The following condition 
says that da is in some sense non-degenerate on the 'tangent space' of A near some its points: 

(ND): There exist G A, e > and /io > such that for any 5 G An W^{zo) and any unit vector 
b G E'^[z) tangent to K at z there exist 5 G A n iy"(zo) arbitrarily close to z and a unit vector 
a G E^{z) tangent to A at z with \da{a,b)\ > fiQ. 

Remark 6. Clearly the above is always true for N = 2. It was shown very recently in |St5| that 
for > 3 this conditions is always satisfied for open billiard flows satisfying the pinching condition 

(P)- 

It follows from the hyperbolicity of A that if e > is sufficiently small, there exists 5 > such 
that if x,y £ A and d{x,y) < 6, then W^{x) and (l)[-e.e]{^eiy)) intersect at exactly one point 
[x,y] G A (cf. |KHj ) ■ That is, there exists a unique t G [— e,e] such that 4>t{[x,y]) G W^{y). Setting 
A(x, y) = t, defines the so called temporal distance function. Given C A, we will denote by 
IntA(-£') and d\E the interior and the boundary of the subset of A in the topology of A, and by 
diam(ii^) the diameter of E. Following [Dj, a subset i? of A will be called a rectangle if it has the 
form R = [U, S] = {[x,y] : X e U,y £ S} , where U and S are subsets of W^{z) n A and W^{z) n A, 
respectively, for some z G A that coincide with the closures of their interiors in W^{z) n A and 

w/(z)n A. 

Let IZ = {Ri}'^^i be a Markov family of rectangles Ri = [Ui,Si\ for A (see e.g. |Bolj . [D] or 
|St4| for the definition). Set R = U^^^Ri , denote hy V : R — > R the corresponding Poincare map, 
and by r the first return time associated with TZ. Then V{x) = G R for any x G R. Notice 

that T is constant on each stable fiber of each We will assume that size x = maxj diam(i2j) 
of the Markov family TZ = {Ri}'j^^^ is sufficiently small so that each rectangle Ri is between two 
boundary components Tp. and Tq. of K, that is for any x £ Ri, the first backward reflection point 
of the billiard trajectory 7 determined by x belongs to Tp., while the flrst forward reflection point 
of 7 belongs to Tg^ . 

Moreover, using the fact that the intersection of A with each cross-section to the flow (pt is a 
Cantor set, we may assume that the Markov family TZ is chosen in such a way that 

(i) for any i = 1, . . . , k we have SaC/j = 0. 

Finally, partitioning each Ri into flnitely many smaller rectangles if necessary and removing 
some 'unnecessary' rectangles from the family formed in this way, we may assume that 

(ii) for every x G R the billiard trajectory of x from x to V{x) makes exactly one reflection. 

From now on we will assume that TZ = {-Ri}f=i is a fixed Markov family for (/>t of size x < £o/2 
satisfying the above conditions (i) and (ii). Set 
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The map d : U — )■ U is given by it = vr^^) o V, where vr^^^ : R — > U is the projection along stable 
leaves. 

Let A = {Aij)^j^i be the matrix given by Aij = 1 if V{Ri) r\ Rj ^ $ and Aij = otherwise. 
Consider the symbol space 

= {{h)T=-oo : 1 < < k,A^ = 1 for aU j }, 

with the product topology and the shift map a : — > given by a{{ij)) = {{i'j)), where 
i'j = ij^i for all j. As in [Bolj one defines a natural map ^ : S_4 — > R . Namely, given any 
iij)^-oo ^ there is exactly one point x £ Ri^ such that (x) £ Ri^ for all integers j. We then 
set ^{{ij)) = X. One checks that ^oa = Vo^onR. It follows from the condition (i) above that 
the map ^ is a bijection. 

In a similar way one deals with the one-sided subshift 

S+ = {(ij)°Lo ■l<ij< k,Ai^ i^^, = 1 for ah i > }, 

where the shift map a : — )■ is defined in the same way. There exists a unique map 
: — > U such that ifj o n = vr'^^^ o ^f, where vr : S_4 — > is the natural projection. 
Notice that the roof function r : S_4 — > [0,oo) defined by r(^) = t(^(^)) depends only on the 
forward coordinates of ^ G S^. Indeed, if ^+ = ry+, where ^+ = (^j)°2^Q, then for x = ^'(C) and 
y = "^{r]) we have x,y £ Ri for i = Co = % and V^{x) and V^{y) belong to the same Ri^ for all 
j > 0. This implies that x and y belong to the same local stable fibre in Ri and by condition (ii), 
it follows that t{x) = T{y). Thus, r{^) = r{t]). So, we can define a roof function r : — > [0, oo) 
such that r o TT = T o ^ . 

Let B(Tij) be the space of bounded functions g : — > C with its standard norm \\g\\o = 
sup^gj.+ Given a function g G the Ruelle transfer operator Cg : — > 

is defined by {Cgh){r]) = X^o-(r;)=5 ^^^''^^(^) • Denote by C^^P(C/) the space of Lipschitz functions 
h : U — 7- C, and for h G C^^P([/) let Lip(/i) denote the Lipschitz constant of h. For t G M, \t\ > 1, 
define 

117 II II, II Lip(/i) .., .. I, / M 

ll^llLip.t = ll^llo H [71— ; ||/i||o = sup|/i(x)| . 

Given a real-valued function g on with g o g C^^P({7), there exists a unique number 
5(5) G M such that Pr(— s(g') r -|- 5) =0. Notice that if G : A — > C is a continuous function such 
that {g o ip~^ o 7T^^^){x) = f^^^^ G{(j)t{x)) dt {x G R), then s{g) = Pr0j(G), the topological pressure 
of G with respect to the fiow cpt on A (see e.g. Ch. 6 in |PPj ). 

The following is an immediate consequence of the main result in [St4j . taking into account the 
particular considerations for open billiard flows in |St5j . 

Theorem 4. Assume that the billiard flow (pt over A satisfies the conditions (P) and (ND). Let 

g : — > M be such that goip~^ G C^^'^{U). Then there exist constants a > 0, a{g) < s{g), C > 
andO < p < 1 so that for any s = r+it with r > o'{g), |r| < a and \t\ > 1, any integer n > 1 and any 
function v : — C with v o g C^^'P{U), writing n = p[log \t\] + /, p G N, < / < [log |t|] — 1, 
we have 

II {Clsr+g ^) o^-'llLip.t < C/[l°^l*lle'P^(— +3)|bo V'-illLip,^ . (11.1) 

Remark 7. Another way to state the above estimate is the following ([D], [St4j ): For every 
g : — > M with g o ip~^ G C'^^P(C/) and every e > there exist constants < p < 1, oq > 
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and C > such that for any integer m > 0, any s = t + it G C with |r| < qq, \t\ > l/ag and any 
function v : — > C with v o G C^^P(?7) we have 

II {CZr+g v)o^-'\\Up,t <Cp^ \t\^ IboV'-lllLip,, . 



In the remaining part of this section, following |PS2j . we show how to apply the Dolgopyat 
type estimates (11-1) to obtain the estimates of ||L"^si;s||r,o required in Sect. 5. The problem 
is that the operator Lg acts on C(Sj[), that is, it is related to the coding of billiard trajectories 
by means of the components of K, while the Dolgopyat type estimates apply to Ruelle transfer 
operators C-sr+g defined by means of Markov families and acting on functions v such that v o 
is Lipschitz with respect to the standard metric in the phase space. Here we describe how the two 
types of Ruelle transfer operators relate, and show that the function {QgVs) oip~^ is Lipschitz. This 
makes it possible to apply (11.1). 

Apart from the coding described above, we can also use the coding of the flow over A by using 
the boundary components of K described in Sect. 3 above. We will use the notation from there, 
notably f{C), g{C), V^''^ for any /c = 1, . . . , kq, e(^), xf = Xi, Xg = X2, f{C) and g(^). Define the 
map $ : ^ Aa^ = A n by '^{^ = (PoiO, - Po{0)/\\Pi{0 " ^'o(e)ll)- Then is 

a bijection such that $ o cr = S o where B : Aqk — > Aqk is the billiard ball map. As before, 
given any function G € B(T,~^), the Ruelle transfer operator Lq ■ — > B(T,~^) is defined by 

Let u : Vq — > Sqj^{^}) be the backward shift along the flow defined in Sect. 3 on some 
neighborhood Vq of A in 5'*(J7). Consider the bijection S = oloo^ : E_4 — > E^. Its restriction 
to defines a bijection S : — > Sj^. Moreover S oa = aoS. Define the function g' : S_4 — > M 
hyg'{i) = giS{i)). 

Next, for any i = l,...,k choose j^^^ = (. . . , ji*^, . . . , ji*^) such that {j^^\i) G S^. It is 

convenient to make this choice in such a way that j corresponds to the local unstable 

manifold C/j C A H W^{zi), i.e. the backward itinerary of every z G Ui coincides with j . Now 

for any i = {io,ii,...) G (or i G S_4) set e(i) = (j^*°^; ^ii • • •) G ■ According to the 

choice of we then have ^'(e(i)) = ip{i) G C/jg. (Notice that without the above special choice 
we would only have that ^(e{i)) and G Ui^ lie on the same stable leaf in RiQ.) Next, define 

oo 

Xgii) = [g'i^^^'ii)) ~ 9 {(^"' ^ii))] foi^ i ^ ^A- As before, the function g : S_4 — > M given by 

n=0 

9{i) = g'ii) ~ XgiD + Xgi^^i) depends on future coordinates only, so it can be regarded as a function 
on S^. 

We will now describe a natural relationship between the operators Cy '■ B(T,'^) — > B(Y1'^) and 
: B{T,~^) — > B{T,\) with v appropriately defined by means of V. 

First define F : B(Tja) — > -B(S^) by F(f ) = v o oa;o^ = v o S. Since by property 
(ii) of the Markov family, uj : R — > Aqk is a bijectiion, it follows that F is a bijection and 
F-i(V^) = V o ^-"^ o uj-^ o Moreover, F induces a bijection F : B{T.\) — > B{T,^) . Indeed, 
assume that v G B(Tja) depends on future coordinates only. Then vo^~^ is constant on local stable 
manifolds in 5^(il). Hence v o o a; is constant on local stable manifolds on R, and therefore 
F(f ) = V o <I>~^ o a; o ^I' depends on future coordinates only. 
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Next, let v,w ^ B{'E~^) and let V = T{v), W = r(zi;). Given i,j G with a{j) = i, setting 
^ = and rj = S{j), we have cr(r/) = ^. Thus, 

(T{j)=i a{j)=i 

for all i E E^. This shows that {L^v) o S = Cy{^u])^{v). 
The equality 

Pr(-Tr + 5) =Pr(-T/ + 5) (11-2) 
and the following proposition are established in Section 3 in |PS2j . 

Proposition 5. Assume that the map A 9 x i— )• W'^{x) is Lispchitz. Then there exist Lipschitz 
functions 81,82 -.U — > M such that setting Ss{i) = e'^'^i^^^^^+'^^CV©)^ f^^ve 

(Ll^j^-u){S{i)) = j^-Cl,,.+j8s-{uoS)){i) , zGS+,sGC, (11.3) 

for any u £ C(Sj^) and any integer n> 1. 

Combining (jll.ip . (jll.2p . (jll.3p . we deduce the following 

Theorem 5 ( |PS2j ). Assume that the billiard flow (pt over K satisfies the conditions (P) and (ND). 
Then there exist constants a > 0, do < Sq, C > and < p < 1 so that for any s = r + itGC with 
T > ctq, \t\ < a, \t\ > 1, any integer n > 1 and any function u : Sj^ — > R with uoSotp'^ £ C^^P(C/), 
writing n = p[log \t\] + I, p £ N, < I < [log \t\] — 1, we have 

|(l^^^-^,u) o5oV^-i||^.^^ < C"/'°sl*l]e'^(--^+^)||no5o^-i||Lip,,. (11.4) 

The estimate (3.3) is a consequence of ()11.4p and it could hold even if the assumption (P) is 
not fulfilled (see Remark 6 above for (ND)). 

Next, for the needs of Sect. 5 above, we have to estimate ||-^>"^j_|_-^s^^s||r,0) where the operator 
Gs is defined in Sect. 3. For any integer n > we have 

= V e-^^"+i(^)+^n+i(C) e-^+(^'«)^;(C) = L^+l .(e'^^^-'^^T;) (0 . 

Thus, it is enough to estimate -(e"'^^^'''*^ '5s)||r,o- As in Sects. 3-5 above, we will consider 

these operators over Pi. 

Given s G C, consider the functions Wg ■ Ui — > M and Wg '■ — > M defined by 

wg{x) = Wsim) = Wsil) = e-'^^(«'^)i)s(e) , 

for X = ipd) e Ui, i £ E^, ^ = S{i). In order to use the Dolgopyat type estimate (11-1), we have 
to show that Ws is Lispchitz on Ui. We will deal in details with 

u;(i)(x) = e' o[/(-"-(0)-At«)]-^(Qo(0) . 

in a similar way one can deal with w^\x) = e~E"=o[^('^"^(€))~3^(0]. it follows from the definitions 
of (j)~^{^,s) and Vg in Sect. 3 that vus{x) = wl:^\x) vui^\x) . 
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Fix an arbitrary point yi G A such that ij^^^ G corresponds to the local unstable manifold 
W^^{yi), i.e. the backward itinerary of every z G W^^{yi) n Vq coincides with rj^^\ It follows from 
the pinching condition (P) that the map Tii : Ui > W^^{yi) defined by ^i(x) = (j)A{x,yi) 
is Lipschitz. Here A is the temporal distance function defined in the beginning of this section. 

Next, consider the A^-dimensional submanifold X = {{q, q + tVip{q) : g G Ti , < t} of 5*(M^) 
and the (stable) holonomy map H : W^^{yi) n A — > X defined by Tiiy) = W-^^^{y) fl X. Since 
If satisfies Ikawa's condition (V), it is easy to see that Wy^^{y) is transversal to X, so ^{{y) = 
VFj^j,(?/) is well-defined for y G W^^{yi) R A. Moreover, using again the pinching condition (P), 
it follows from some general arguments (see e.g. Fact (2) on p. 647 in |Hal| ) that the stable (and 
unstable) holonomy maps for the billiard fiow cpt are Lipschitz (in fact, even in a generalized 
sense). In particular, 71 is Lipschitz. 

We can now write down wi^\x) using the maps Ti and Tii as follows. Given x G Ui, we have 
X = tpd) for some i G S^, with iq = 1. Setting ^ = 5(i), we then have = 1- For any integer 
m > 1 consider 

m— 1 

Bm = Y.^fia''e{o)-f^m-^mo)- 

n=0 

Setting y = 7ii{x) G ^^^^^{yi) and z = 'H(y), we have that z G Wy^^{y), and moreover lj{z) = 
(Qo(0>V^(Qo(6))- Thus, QoiO = pri(w(^)) = pri(w(7^(?^i(x)))) is Lipschitz in x G Ui. Next, 
set e{u) = \\pri{u) — pT:i{uj{u))\\; then u = 4'e{u){^{y)) aiid e{u) is a smooth function on an open 
subset of 5* ($7) (where u is defined and takes values in S'p^(il)). For Bm we have 

Bm = 0{e^) + e{y) - e{z) - ip{u;{z)) = 0(9^ + <y) - , 
and letting m — )• oo we get 

u;(i)(x) = e^[^(y)-^W] h{uj{z)) = e^[^(«iW)-^(«(«iW))] h{u{n{ni{x)))) , 

so w^P{x) is Lipschitz in x G Ui. Moreover, for x G f/i and bounded Re(s) we obtain an uniform 
bound for the Lipschitz norm of w^s\x). The same argument works for w^s\x). 
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